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Abstract
The behavior of self-similar flow in a three-dimensional laminar
boundary layer is investigated. The governing equations are a set of
coupled, nonlinear, ordinary differential equations that determine the
behavior of the streamwise velocity and the cross-stream velocity. These
equations depend on two' parameters: 131, the streamwise pressure gradient,
and 132, the cross-stream pressure gradient. Solutions are obtained for a
broad range of these parameters. Results for adverse pressure gradient flow
patterns are complex and exhibit traits such as backflow and separation; a
separation criterion is proposed for self-similar flow that depends both on 131
and 132, In a favorable pressure gradient, the crossflow component
approaches the freestream velocity as 132----+00.
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L Introduction
Understanding of flow behavior III laminar boundary layers was
significantly advanced when in 1931 V. M. Falkner and S. W. Skan
discovered a subset of the boundary layer equations now known as the
Falkner-Skan equation. This equation describes flow in two-dimensional
boundary layers, and its solutions reflect a wide range of interesting
phenomena, including velocity overshoot, backflow, separation, non-
uniqueness, and algebraic decay. This thesis outlines the derivation of this
equation in §2, as well as a description of its general properties, including a
discussion of both the unique and non-unique velocity profiles associated
with this equation.
The discussion of the Falkner-Skan equation is a precursor to the main
topic of interest in this study, namely, three-dimensional laminar boundary
layer similarity solutions. Such solutions depend not only on the streamwise
pressure gradient as do Falkner-Skan profiles, but also on a cross-stream
pressure gradient. The combination of these parameters leads to some
interesting and complex velocity distributions, which exhibit similar
phenomena to the two-dimensional case but with some added complications.
In §3 the derivation of the equations governing three dimensional
laminar similar boundary layer flow is described, as well as the numerical
scheme required to obtain both regular and backflow solutions. Flows
having favorable streamwise pressure gradients are characterized by unique
solutions for streamwise and cross-stream velocity profiles. On the other
hand, flows with adverse streamwise pressure gradients generally exhibit
multiple or non-unique soluitons, at least one of which has backflow in the
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streamwise direction. A general asymptotic solution for small cross-stream
pressure gradients is obtained. The numerical scheme required to obtain the
profile solutions is described in §3. Some general remarks and conclusions
are made, and the study ends with appendices containing relevant figures
and tables. The source code for all work performed for this investigation is
filed with the Department of Mechanical Engineering and Mechanics, Lehigh
University.
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2. Two-Dimensional Similarity Solutions: The FaIkner-Skan Equation
2.1 Overview
In this chapter, a brief derivation of the Falkner-Skan equation is given,
as' well as a discussion of the physical significance associated with a range of
geometries and pressure gradients. The Falkner-Skan equation contains a
single pressure gradient parameter {3. For certain values of {3, the solution
for the streamwise velocity profile exhibits some interesting traits including
overshoot and back±1ow. Here the terminology "overshoot" implies that the
velocity profile achieves a maximum value in excess of the mainstream
value somewhere in the boundary layer. On the other hand, "back±1ow"
implies that a region of negative streamwise velocity occurs near the wall.
The possible physical significance for the various ranges of (3 i~ discussed.
The Falkner-Skan equation is well known, but it is worthwhile to discuss it
here in some detail because there are many analogies between the two-
dimensional and three-dimensional cases; the latter is the main topic of
interest in this study.
All tables and figures pertaining to the Falkner-Skan equation are
included in Appendix A.
2.2 Derivation of the Falkner-Skan Equation
Consider the two-dimensional planar bluff body pictured in Figure A.I.
A boundary layer originates from the stagnation point and serves to reduce
the mainstream velocity Ue(x) to zero at the surface of the body. The
velocity distribution in the boundary layer along the body depends on the
geometry of the body and may exhibit complex behavior. However, in the
4:
immediate vicinity of the point of stagnation, the surface can be viewed as
essentially flat over a limited range. We can expect a self-similar velocity
profile in this region, and it is here, for example, that the Falkner-Skan
equation (derived below) applies.
The dimensionless boundary layer equations for two dimensional,
incompressible, fJ = constant, steady flow are:
x-momentum: uou + vOu _ U dUe + o2u .ox oy - e dx oy2 ' (2.1)
continuity: o. (2.2)
Here y and v are magnified by Re1/ 2, viz., y = y*Re1/ 2, v = v*Re1/ 2, where
y* and v* are the actual normal coordinate and velocity respectively. In the
scaled coordinates y and v are 0(1) in the boundary layer.
The boundary conditions are:
u=O, v=O at y =0 ,
as y-'too ,
(2.3)
where Ue(x) denotes the mainstream velocity. Define
(2.4)
where 8(x) is a function proportional to the boundary-layer thickness which
is to be found. Define
u = Ue(X)~ = Uix)f'(7]), or £1(7])
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U
Ue(x) . (2.5)
Here TJ is a similarity variable and the interest is in self-similar solutions for
which the dependence of the velocity profile on x and y can be collapsed
into one variable, TJ. The boundary conditions transform to:
£'=0
£'--?1
at TJ = 0 ,
as TJ-+OO .
(2.6)
From the continuity equation, a stream function 'I/; may be defined by
0'1/;
u = oy'
0'1/;
v = - ax' (2.7)
From the definition of u, we obtain
Integrating equation (2.8) yields '1/;:
(2.8)
(2.9)
Here 'l/;o(x) at this stage is an arbitrary function of integration.
Differentiating equation (2.9) with respect to x yields:
(2.10)
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Here the prime (') indicates differentiation with respect to x or TJ as
appropriate. The chain rule is used to obtain ~~, ~u, ~, and a2~ in terms
ux uy uy ay
of TJ. Since we are searching for similarity solutions, it is assumed that
f = f(TJ). The resulting transformations are:
au V' f' - TJ8' U fffax= e 8 e,
au - 1 v flloy - 8 e ,
av _V' f' + TJ~ V fll
ay = e 8' e ,
(2.11)
(2.12)
(2.13)
(2.14)
After substitution and simplification of the equations, the following
result is obtained:
(2.15)
The only way (2.15) can be an ordinary differential equation IS if the
coefficients are not functions of x. Therefore, defining
8(Ve8)' = a = constant,
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(2.16)
82 U~ = (3 = constant ,
'l/J~8 = , = constant ,
whereupon equation (2.15) becomes
f'" + aff" + (3(1-f/2 ) + ')1" = O.
(2.17)
(2.18)
(2.19)
At this stage there are three arbitrary functions of x, namely, Ue, 8,
and 'l/J~. The following discussion determines the form of these functions so
that equations (2.16) - (2.18) are satisfied. Consider, first, for which there
are two situations to consider. For a solid wall, then v = 0 at y = 0 for all x,
and it follows from equation (2.10) that 'l/Jo = constant, which may be taken
equal to zero without loss of generality. It follows from equation (2.18) that
, = O. On the other hand, if the wall is not solid, we may write
v = -vs(x) at y = 0 , (2.20)
where vs > 0 corresponds to suction and vs < 0 to injection. Referring to
equation (2.10), we see that for this case
vs(x) = 1/J~. (2.21)
Consequently, from equation (2.18) similarity is possible only if
8
vs(x) - ~ - constant
- 8(x) - 8(x) . (2.22)
We see that 8 and Ue are fixed by equations (2.16) and (2.17), so this
condition is very restrictive. The injection must be done in a very specific
way to obtain a similarity solution.
The form of Ue(x) required for similarity will now be addressed.
Combining equations (2.16) and (2.17) yields
(2.23)
and two cases may be considered. If (20: - (3) f:. 0 integration of equation
(2.23) yields
(2.24)
Here x = X o is a stagnation point of the inviscid flow, so Ue = 0 at this point.
Without loss of generality, choose Xo = o.
Combining (2.17) and (2.24) yields
and integration gives
{3
U U X20: - {3 = me = 0 UoX •
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(2.25)
(2.26)
Here Uo is a constant of integration and m =(3/ (20'. - (3). Thus for
20'. - (3 =f:. 0, a similarity solution is possible only when the mainstream
velocity has the power law behavior in equation (2.26). To determine the
form of 8(x) combine (2.17) and (2.26) to yield
1/2
'( ) _ ~ (3 (1- m)/2 _ {(2O'. - (3)X}
u X - muo
x
- Ue(x) (2.27)
If in addition there is suction, we have the further requirement that the
suction must be of the special form
vs(X) = (constant) x(m-1)/2 .
For (20'. - (3) = 0, equation (2.23) implies that
82Ue = constant == K .
Combining equations (2.29) and (2.17) and integrating yields
(2.28)
(2.29)
(2.30)
The scale factor 8(x) is found by combining (2.30) and (2.17), and noting
that (3 = 20'. to obtain:
1/2
5(x) = (,¥,;) e-ax!K
10
(2.31)
IT there is suction, it must be of the special form
(constant) eax/ K . (2.32)
The form of the Falkner-Skan equation most frequently seen In the
literature is:
fill + ffll + (3(1-f/2) = 0,
for which 0: has been taken to equall. The boundary conditions are:
(2.33)
at TJ o,
(2.34)
f'~oo
Generally, a solid wall is assumed so that I vanishes. A constant value
for 0: =1 may be chosen since the value of 0: affects only the scale for TJ.
The solution of equation (2.33) depends only on the parameter (3 which is a
measure of the streamwise pressure gradient. This derivation was adapted
from Walker, 1992, pp. 40-49.
2.3 General Properties
Applications of the Falkner-Skan equation cover a wide range of
interesting and physically important problems. Boundary layer phenomena
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described by this equation include the influence of favorable and adverse
pressure gradients, velocity overshoots, and backflow. While the conditions
which make the equation valid may seem restrictive, the Falkner-Skan
equation does provide a basis for understanding the physics of boundary
layers, and solutions can be used as initiators or terminators of more
complex flows.
The parameter f3 is a measure of the pressure gradient dp/ dx. For
f3 > 0, the pressure gradient is favorable (negative). A value of f3 < 0
signifies an adverse (positive) pressure gradient. For f3 > 0, the solutions of
equation (2.33) are unique and all increase monotonically towards the
freest ream velocity. These are the so-called "regular" solutions since the
profiles generally behave as expected. In the range - .198838 S f3 s 0 there
are two solutions, one of which is regular and one which exhibits backflow.
It is known (Stewartson, 1954) that only two solutions exist in this range.
At f3 = - .198838 the two solutions coalesce into one having zero shear at the
wall; this case is often referred to as a separation profile.
For f3 < - .198838 there exists an infinite family of solutions
(Stewartson, 1954). One interesting type of solution is one which exhibits
velocity overshoot, i.e., there are certain values of'TJ for which f' > 1. There
is still much debate regarding the physical significance of such solutions.
Some researchers argue that neither the main stream nor the pressure
differential provides a mechanism for producing overshoot, thereby deeming
the solutions as being physically unacceptable. Others claim that overshoot
profiles can be explained by flows with streamwise blowing through an
upstream slot, such as a wall jet (Libby and Liu, 1967). Libby and Liu
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explain the existence of overshoot profiles by suggesting that this general
behavior is generated over an initial length which governs the type of flow
throughout the boundary layer.
Below is a compilation of varIOUS values of f3 and their physical
significance:
(1) f3=0:
(2) 0 ~,B ~ 2:
(3) f3 =1:
(4) f3=2:
(5) f3 =4:
(6) f3=5:
(7) f3-+oo:
(8) - 2 ~ ,B ~ 0:
(9) ,B = -2:
(10) f3 = -1:
Flat plate (Blasius solution).
Flow against a wedge of half angle f32'ff.
Plane stagnation point flow (Hiemenz flow).
Flow diverted through an angle of 7r.
Doublet flow near a plane wall.
Doublet flow near a right angle corner.
Flow toward a point sink.
Flow around an expansion corner of turning angle f32
7r
•
Flow around the edge of a thin plate.
Flow around a right angle corner. (Puhak, 1992, pp. 5-6).
Figures A.2 - A. 7 contain sketches of selected cases. They are discussed
in greater detail in the next section. Finally, all solutions discussed so far
exhibit exponential decay which means that fl approaches 1 very rapidly for
large values of TJ.
2.4 Favorable Pressure Gradients
As mentioned in the previous section, for ,B > 0 solutions are found to
exist and to represent unique boundary layer profiles. Some values of f3
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reflect velocity profiles more physically significant than others, which will be
discussed further.
The range 0 :::; f3 :::; 2 represents flow against a wedge of half angle f31r /2,
depicted in Figure A.3. These wedge flows are important in a physical sense
because they correspond to geometries which occur frequently in industrial
applications. This is especially true for f3 :::; 1. Consider the two dimensional
representation of a missile, depicted in Figure A.8. The point of attachment
occurs at x = 0, and the boundary layer develops symmetrically from this
point. The Falkner-Skan solution is valid over the leading portion of the
missile. Thus, a similarity solution is an initiator to start off a numerical
simulation of the complex flow field over the balance of the missile.
A value of f3 = 1 corresponds to stagnation point flow (Hiemenz flow),
portrayed in Figure A.4. For any two-dimensional planar bluff body, flow in
the region of the point of attachment of the inviscid flow will exhibit
Falkner-Skan velocity profiles. This assumption is justified since locally the
surface appears flat, reflecting the geometry of Hiemenz flow. Thus, a
Falkner-Skan solution initiates the numerical integration for any bluff body,
such as flow occurring near the stagnation line of a cylinder.
Velocity profiles resulting from f3 = 2, 4, 5, and 00 represent situations
which are more difficult to justify on physical grounds. Even though the
similarity assumptions and restrictions indicate that these flows are possible
and behave according to the Falkner-Skan predictions, in reality these flows
are very complex and generally cannot be accurately described by a
similarity solution.
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2.5 Adverse Pressure Gradients
As briefly discussed previously, Falkner-Skan profiles for which (3 ~ 0
exhibit non-uniqueness, meaning that for each (3 selected, there is more than
one solution which satisfies the differential equation and boundary
conditions. The most important (and most controversial) traits displayed
by these solutions are backflow (f' < 0) and velocity overshoot (f' > 1). As in
the case of favorable pressure gradients, some geometries which correspond
to a particular (3 are more questionable on physical grounds than others.
The case (3 = 0 corresponds to the famous Blasius, or semi-infinite flat plate,
solution. Of course, this case corresponds to no pressure gradient. The
similar boundary layer equations for this case reduce to
fill + ffll o. (2.35)
This equation appears very simple, but no closed form analytical solution
exists.
The regular solution to the Blasius equation shows the expected
behavior with a monotonic increase of f' from 0--+1. However, in recent
years it has been shown that the Blasius boundary layer also has non-unique
solutions (Smith, 1984) and (Laine and Reinhart, 1984). This has been
inferred from the observation that as (3--+0 - , it is exceedingly more difficult
to obtain a solution for a very small negative (3. Generally, the velocity here
experiences slight backflow from TJ = 0 to large values of TJ, and then sharply
increases to f' = 1. In the limit, the fluid in the region of reversed flow
comes to rest and suddenly diverts to f' =1 at TJ =00. Suggested profiles
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which render the nature of this solutioian be seen in Figure A.9.
The range - 2 ;S 13 ;s 0 corresponds to flow around an expansion corner
of turning angle f37r /2, depicted in Figure A.5. Apparantly the most
physically plausible regime is -1;S 13 ;s 0, where 13 = 0 corresponds to the
Blasius solution discussed earlier, and 13 = -1 corresponds to flow around a
right angle corner. As 13 extends beyond -1, the flow has to turn back
around, introducing complications and other flow phenomena that cannot be
described by a similarity solution, i.e., recirculation zones that develop as
the flow turns. The limit in this range is 13 = - 2, which corresponds to flow
around the edge of a thin plate.
For - .198838 ;s f3;s 0, two solutions exist (Stewartson, 1954): the
regular solution which increases monotonically to f' = 1, and one which
experiences backflow. At 13 = 0, the flows are completely different, but as
1131 increases the range of TJ in which f' < 1 decreases until the two solutions
merge at 13 =- .198838. It is at this value of 13 where a separation profile
with fll(O) = 0 occurs. For 13 greater than the critical value a region of
reversed flow extends from TJ = 0 (where f" < 0) to some finite value of TJ, and
then f' increases toward f' = 1 at 00. Thus, backflow occurs in the vicinity of
the wall. The velocity in the region of reversed flow progressively comes to
rest as f3-tO -. Table A.l lists tabular data for selected 13 values in this
range.
As previously mentioned, solutions for which 13 < - .198838 have an
infinite family of solutions. The solutions exhibit overshoot, in which f' > 1
at locations within the boundary layer. As mentioned earlier, these
16
solutions may be questionable with regards to their physical significance.
Included in Figures A.I0 - A.12 are typical velocity profiles exhibiting
monotonic behavior, backflow, and overshoot, along with the corresponding
shear stress profiles for monotonic flow.
17
3. Three Dimensional Similarity Solutions
3.1 Overview
In this chapter three-dimensional laminar boundary layer similarity
solutions are introduced. A derivation of the governing equations and the
numerical scheme used to compute both regular and backflow solutions is
gIven. Solutions to the streamwise and cross-stream velocity profiles are
computed for the following ranges of the streamwise pressure gradient
parameter /3( - .198838 S /31 SO, and 0 S /31 S 1. Solutions for
/31 < -0.198838 are also obtained for values of 1/321>0. It seems that a
separation streamwise profile can be delayed with the addition of a cross-
stream pressure gradient. These ranges were considered because they are
the most physically relevant. The asymptotic behavior of the solutions for
small values of the cross-stre~ pressure gradient /32 is also investigated.
Finally, the section concludes with some general remarks and conclusions.
3.2 Derivation of the Governing Equations
A streamline coordinate system IS selected with Xl and x2
corresponding to the streamwise and cross-stream directions respectively; x3
is normal to both Xl and x2. The boundary layer equations in a general
streamline orthogonal coordinate system are:
o, (3.1)
18
(3.3)
Here Ue is the free stream velocity. The pressure gradient term in the
streamwise direction has been written in terms of Ue and is identical to that
in the two-dimensional case; in addition, u1' u2' and u3 are the velocities
corresponding to the streamwise, cross-stream, and normal directions,
respectively; h1 and h2 are the metrics which describe the geometry of the
streamlines; K1 and K2 measure the curvature of constant xl and x2 lines,
respectively. It is assumed that h3= 1.
Define a similarity variable 17 such that
(3.4)
Using the chain rule, it is clear that
Define the profile functions f' (17) and g'(17) by
u1 = Uef'(17) ,
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(3.5)
(3.6)
(3.7)
(3.8)
u2 = Ueg/(1]) ,
and a function q(xI,x2) by
(3.9)
(3.10)
Since f' ---+ 1 and g' ----l- 0 as 1] ---+ 00 at the boundary layer edge, it follows
from the continuity equation (at the edge of the boundary layer) that
Therefore,
(3.11)
If it is assumed that the normal component of vorticity is zero in the
boundary layer it can be shown that hI = J (Degani, Smith, and Walker,
e
1992) and
(3.12)
Each term in the continuity equation may be written as:
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SInce
it follows that
Upon integration the following expression is obtained for the normal velocity
In the streamwise momentum equation, each term becomes as follows:
21
(3.13)
oU1 {U f Ue 08 (f
'
f) Ue 08 (~ )} U f"Us oX3 = q e + 8h1 oX1 'fJ - + 8h2 oX2 'fJ1S - g e·
Therefore,
_ K 1u 1u 2 = - K U
2f/gl - - Ue oUe f'g'2 e - h2 8x2 '
K 2 K U2 (/)2 (U2 Ueaue) ( 1)21U 2 = 1 e g = q e + hI aX1 g ,
(3.14)
(3.15)
(3.16)
(3.17)
Combining equations (3.14) - (3.17) and multiplying though by 82Ue- 1
yields
Define the following quantities:
(3.18)
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(3.19)
(3.20)
(3.21)
(3.22)
where
(3.23)
Upon rearranging the momentum equation, it is easily shown that
f'" + (aI-v) ff" - ,61(1-(f')2) + a2gf" + (,61-v)(g')2 = o. (3.24)
Now consider the cross-stream equation for which the individual terms
transform as follows:
0u2 {U f Ue a8 (f' f) Ue a8 ( , )} U "
u3 aX3 = q e + 8h1 aXI 77 - +8h2 aX2 77g - g eg·
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Therefore, the convective terms become
(3.25)
Likewise, the terms on the right side become
(3.26)
(3.27)
(3.28)
Combining equations (3.25 - 3.28) and multiplying through by 82Ue- 1
yields
Rearranging the above and substituting equations (3.18) - (3.22) yields
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(3.29)
Note that the boundary conditions corresponding to the streamwise and
cross-stream equations are:
g' = 0, at TJ = 0,
(3.30)
f' -+ 1, g' -+ 0, as TJ -+ 00.
The wall is assumed to be solid with no suction.
3.3 External Flows Leading to Similarity and Selection of the Mathematical
Model
Consider the quantity (J', as defined in equation (3.23). It follows from
differentiation with respect to xl and x2 that
1- a(]' _ 1.... aUe + 2ue8 a8 - 20:' - (3.
h· ax· - hI ax· h· ax. - t t'1 1 1 1 1
1,2.
Consider the case 20:1 - (31 =p O. Integration rields (J' = (20:1 - (31)(sl - sO),
where sl is a coordinate in the streamwise direction such that dS l = hIdXl'
and So is a constant. From the definition of (31'
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Therefore, for this situation the mainstream velocity obeys a power law
according to
(3.31)
where Uo is a function of x2 and So is the point of attachment of the inviscid
Since (J' = Ue82, then
(J'
U=e
and the following expression is obtained for the thickness function:
(3.32)
Because the definition of 'Tf is arbitrary within a constant, the same
procedure discussed for the Falkner-Skan equation may be followed and the
second coefficient in both equations (3.24) and (3.29) may be selected as
(3.33)
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Next, two other conditions are derived by requiring that da and dUe be
perfect differentials. Since
it follows that for da to be a perfect differential,
or
(3.34)
But from equation (3.11) it follows that
(3.35)
and from equation (3.12) we obtain
(3.36)
Therefore, equation (3.34) becomes
(3.37)
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Now we consider Ue:
and this implies that for dUe to be a perfect differential,
Expand this expression to obtain
2
Multiplying through by U hh yields:
e 1 2
But
and therefore
or
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(3.38)
Multiplying equation (3.37) by {31 and equation (3.38) by ({31 - v) and
eliminating Q2 yields
(3.39)
Equations (3.33), (3.38) and (3.39) describe a number of cases which are
now discussed individually.
Case 1: {32 = 0
Since equation (3.38) is valid for all {31' it follows that Q2 = O.
Consequently, this situation describes a two-dimensional boundary layer
since the cross-stream pressure gradient vanishes. Hence, v ={31 and from
equation (3.33) it follows that Q1 = 1 + {31' With these values of the
constants, the cross-stream equation is identically satisfied by g == 0, and the
streamwise equation reduces to the Falkner-Skan equation if {31 is replaced
by 731= - {31' Performing this step, equations (3.24) and (3.29) become:
g=O.
Case 2: 2Q1 + v - 2{31 = O.
Substitution of equation (3.33) yields
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(3.40)
(3.41 )
Q1 1 + 2(31 1 - 2731= 3 = 3
v =
2((31- 1) 2( -1-(31)
3 = 3
where again 73 1= - (31· Substitution into equation (3.37) shows that Q2 =
(32. If these values are substituted into (3.24) and (3.29), the momentum
equations in the streamwise and cross-stream directions are:
It may be noted that if (32 is set equal to zero, equation (3.43) is
identically satisfied by g' == 0 and equation (3.42) again reduces to the well-
known Falkner-Skan equation.
Case 3: v=O.
From equation (3.33) it follows that Q1 = 1, and from equation (3.37)
we obtain Q2 = ~~, with (31 '10. For these values of the constants, the
governing equations reduce to:
(3.44)
(3.45)
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It may be noted that these equations are apparently irregular as 731~O,
and this behavior is not expected. As a consequence, the equations
corresponding to Case 3 will not be considered further and instead Case 2
will be addressed. These equations appear to be well-behaved and are
consistent with the two-dimensional case. Thus, the mathematical model
adopted for self-similarity in three-dimensional laminar boundary layers is
(with 731~/h):
o, (3.46)
The boundary conditions are:
o. (3.47)
f'~1, g/~O,
at T/ = 0 ,
as T/~OO .
(3.48)
Information relative to all cases is summarized in tabular form in Appendix
E, Figure E.lo
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4. Numerical Methods
The equations to be solved for varIOUS ranges of the streamwise
pressure gradient f3 1 and the cross-stream pressure gradient f32 are:
The boundary conditions are:
f = f' = g = g' = 0 , at 1] = 0 ,
O.
(4.1)
(4.2)
(4.3)
f'-tl, g'-tO , as 1]-t00 .
Two approaches had to be taken in order to obtain the regular solutions and
the backflow solutions. They are described in synopsis form below, and then
the details of the numerical algorithms are presented.
The regular solutions were obtained by applying iterative boundary
value techniques to solve for both the cross-stream velocity g' and the
streamwise velocity fl. Since the equation set is strongly coupled and
nonlinear, initial guesses are made first for f' and g'. The equations also
depend on f and g, and the trapezoidal rule was used to obtain estimates of
these functions over the mesh from the current estimates of f' and g'
respectively. The Thomas algorithm was used to solve the difference
equations for all f' and g'. In practice, a "large" value of 1] was picked as
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the place to apply the end boundary condition. A relative test for
convergence was applied on f' only, and the results were considered to have
converged when two successive iterates agreed to within six significant
figures. This assumes that the convergence of g' will "follow" that of f', and
that in general g' converges faster than f. Relative convergence testing on
g' is more difficult since both boundary conditions are zero.
The solutions involving backflow streamwise profiles were obtained by
iteratively applying a shooting method on f' and a boundary value technique
on g'. Other methods were attempted with discouraging results. The
regular solution technique was tried by making educated guesses for f' and
g', but the method latched on to the regular solution and would not produce
profiles characteristic of backflow. Two shooting methods were attempted
by guessing both f"(O) and g"(O), but the method was unstable and no
solutions were obtained.
The scheme that was successful was initiated by making an initial guess
for g' at each mesh point, as well as a guess for f"(O); g itself was then
evaluated using the trapezoidal rule. A four-step Runge Kutta technique
was used to calculate the solution of f, f', and f" in a step-by-step manner
starting from TJ = o. The current values of g and g' were utilized in this
procedure. Using the new values of f and f' and the current values of g and
g', the Thomas algorithm was used to compute a new estimate for g'. A
relative convergence test was then performed on f'. If convergence had not
been achieved, a linear interpolation is used to re-estimate f"(O) from the
previous two values and the corresponding boundary values of f' at TJ = 00; g
and g' were then updated, and the iteration was continued until convergence
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was achieved. The numerical details for the regular solution technique are
outlined below.
Equations (4.1) and (4.2) are rewritten as a four equation set of two
first-order differential equations and two second-order differential equations
using the substitutions:
f' = y ,
,g = z,
y" + fy' + ,81(1- y2) + ,82GY' + i(2-,81)z2 = 0,
z" + fz' + ,82gz' - i(1 + ,81)Yz + ,82z2 - ,82(1- y2) = 0 .
(4.4)
(4.5)
(4.6)
(4.7)
Using central differences to approximate equation (4.6) at a typical mesh
point, it is easily shown that:
b1jyj +1 + aljYj + CljYj - 1 = d1j ,
where
(4.8)
(4.9)
(4.10)
(4.11)
(4.12)
where h is the mesh size. A similar procedure applied to equation (4.7)
yields:
b2j Zj + 1 + a2jzj + C2jZj_l = d2j ,
where
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(4.13)
c2JO = 1 - h f· - h ,82 g. = cl 02 J 2 J J '
(4.14)
(4.15)
(4.16)
(4.17)
Equations (4.8) and (4.13) constitute a tri-diagonal matrix problem
which was solved using the Thomas algorithm. Let n +1 denote the last
point in the 7] mesh, while 7] =0 is at n =1. To utilize the Thomas
algorithm two arrays (F1 , 81) and (F2 , 82) must be defined for each
equation. The boundary values of these arrays at 7] = 0 are:
F11 = 0,1
F2 1 = 0 ,1
(4.18)
(4.19)
(4.20)
(4.21 )
A forward elimination IS then carried out by taking J = 1, 2, 3, ...
successively in:
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F1 . -b1J{a1j + C1j + F1,j_1}-1, (4.22),)
F2 . - b2J{a2j + C2j + F2,j -1} -1 , (4.23),)
81 . {d1j - c1j 81,j-1}{a1j + C1j + F1,j_1}-1, (4.24),J
82 . {d2j - c2j 82,j-1}{a2j + C2j + F2,j_1}-1. (4.25),)
At the outer boundary ( j =n + 1 ), the boundary conditions at infinity
were applied as an approximation according to:
Yn+ 1 = 1 ,
zn+ 1 = 0 .
(4.26)
(4.27)
The back substitution step to obtain new estimates for y and z is
accomplished by taking j = 1, 2, 3, ... successively in:
Yn+2-j = F1,n+2-j Yn+3-j + 81,n+2-j,
zn+2-j = F2,n+2-j zn+3-j + 82,n+2-j .
(4.28)
(4.29)
Convergence was then checked at each point in the mesh by insisting that
yj agree with the previous iterate to a specified number of significant
figures. If the test was not met at every mesh point, the iteration was
continued.
The numerical scheme for the backflow solution is somehwat different
and is now described. Recall that the backflow solution employs a shooting
method for f' in conjunction with a boundary value technique for g'.
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Rewrite equation (4.2) as
f' = Yl , (4.30)
g' = Y2 , (4.31)
Y2 + fY2 + f32gY2 - i (1 + (3 1)Y1Y2 + f32Y~ - 132 (1- YI) = 0 (4.32)
Using central difference formulae, the finite difference approximation to
equation (4.32) is of the form:
bj Y2,j +1 + aj Y2,j + Cj Yl,j -1 = dj ,
where
Equation (4.1) can be rewritten in the form:
f' = Yl ,
f ll = y'l = zl '
f"' = zl ,
,
g =Y2 ,
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(4.33)
(4.34)
(4.35)
(4.36)
(4.37)
(4.38)
(4.39)
(4.40)
(4.41)
(4.42)
To define a Runge-Kutta procedure for this system, let
kf1 = hY1j ,
£f1 = hZ1j ,
mfl = h{-fjZlj - 131[I-Y!j] -132gj Zlj -C-/1) (Yl j r} ,
mf2=+(fj+~1) (Zl j +rr;1) - 131[1-(Ylj+£;IYJ
-132 !(gj+gj+1) (zlj+mil) - C-/l) [HY2j+Y2j+ 1)f},
(4.43)
(4.44)
(4.45)
(4.46)
(4.47)
(4.48)
(4.49)
(4.50)
(4.51)
(4.52)
mf3= h{-(fj +' ~2) (Zlj +rr;2) - 131[1+lj +~2YJ
-13d (gj+gj+ 1) (Zlj+rr;2) - (2 -/1) [HY2j+Y2j+ 1)f} , (4,53)
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mf4= h{-(fi + kf3)(Zlj + mf3) - f3{l-(Yli + £f3YJ
- fJ2gj+ I(Zli + mf3)- e~fJl) (Y2j+ I)}
(4.55)
(4.56)
In a Runge-Kutta method the solution is computed in a step-by-step manner
using the formulae:
(4.57)
(4.58)
(4.59)
In the present scheme the solution of the streamwise momentum equation is
computed by guessing a value for zl(O) = zl l' and then using equations
,
(4.57) - (4.59) to perform a step-by-step Runge-Kutta integration for
increasing TJ. The value of zl(0) is systematically adjusted until the
condition £'--.1 for TJ' large is realized. At any stage in this iteration,
estimates of the cross-stream profile g' are used to evaluate the terms in
equations (4.45) - (4.56). An estimate of the cross-stream profile is
evaluated at any stage by solving equation (4.44) using the Thomas
algorithm.
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The skew angle is the angle between the streamwise and cross-stream
velocity vectors at any point which varies across the boundary layer. The
skew angle is formally defined by
() arc tan (;:) . (4.60)
For the regular (monotonic) solutions, the angle starts out at some finite
value at TJ = 0 and decreases to zero as TJ -+00. On the other hand, () may
exceed 7r/2 for backflow streamwise solutions. The skew angle is calculated
for each flow type in the same manner. Once the solutions have converged,
equation (4.60) was used to calculate () throughout the mesh. Near TJ =0
(the wall), g'/f' will be indeterminate and L'Hopital's rule must be used,
according to
{ g" }lim () = lim arc tan (f") .7]-0 7]-0
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(4.61)
5. Results
5.1 Favorable Streamwise Pressure Gradients
The equations governing similar velocity behavior in the boundary layer
were solved numerically for a wide range of favorable streamwise pressure
gradients and cross-stream pressure gradients; in this range the solutions are
unique. The streamwise pressure gradient parameter /31was varied through
0, 0.2, 0.6, and 1.0; at each /31' /32 was increased from zero to some finite
value so trends could be inferred. Appendix B contains some representative
solutions. It is worthwhile to re-emphasize that velocity profiles in which £1
increases monotonically from 0 to 1 through the boundary layer will be
referred to as "regular" solutions. All unique solutions in the range /31 > 0
are unique regular solutions. The mesh size used for the calculations
reported in Appendix B was /:lTj = 0.05, and convergence is tested using a
factor of € = 10 - 6. Note that various grid refi~ement studies were carried
out and the results are believed to be grid independent.
Typical regular velocity profiles (f' and g/) for a favorable streamwise
pressure gradient and a moderate cross-stream pressure gradient are
pictured in Figure B.1.a, and the corresponding skew angle profile in Figure
B.1.b. The representative value chosen was /31= 0.2, /32= - 0.5. The
distributions generally behave as expected with f' increasing monotonically
from 0 to 1 through the boundary layer; g' increases from 0 at the wall to
some maximum value midway through the layer, and then decays to 0 again
as Tj-l'OO. The vector sum of these two profiles represents the total velocity,
and the influence of the cross-stream pressure gradient is to change the flow
direction. The skew angle (0) profile measures the change in direction of the
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resultant velocity from the external streamline. The skew angle is sketched
in Figure B.2. In this parameter range, the skew angle takes on a maximum
finite value at the wall and decays to zero at the freestream.
Typical regular velocity profiles for a favorable streamwise pressure
gradient and a very large cross-stream pressure gradient are depicted in
Figure B.3.a, with the corresponding skew angle profile shown in Figure
B.3.b for f3 1=0.2, f32 = -4.4. There are some interesting characteristics
that should be noted concerning these distributions. First, note that the
maximum value of g' is much larger than in the first case discussed: it is
approximately 0.9 compared to 0.18. Also, note that this peak occurs
extremely close to the wall. The value of 7100 where the uniform stream
condition was applied had to be increased from approximately 7.0 in the
first case compared to 500 for the second case, in order to ensure adequate
decay of the streamwise profile to the mainstream distribution. Thus, the
boundary layer grows much thicker as the magnitude of the cross-stream
pressure gradient is increased. Upon close examination of g' near 71 =7100' it
may seem that g' appears to decrease rather suddenly to zero, and it appears
that the validity of the solution may be in question. However, the data
show that while the decay of g' to zero is very rapid, it is also smooth. Also,
a larger 7100 was selected to check the accuracy of the solution (7100 = 500 vs.
7100 = 1000) and the exact same results were obtained.
The skew angle profile in Figure B.3.b reflects the high degree of
change in the velocity direction. Note that near the wall, e is close to 90°.
Thus, the change in velocity direction is rather severe for a large cross-
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stream pressure gradient, and decays to zero in the same general manner as
g'.
The important conclusion to be made here is that it appears that
another boundary layer is developing near the wall. Because of the scales on
the graphs, g' appears to "spike" from zero to some finite value close to 1,
and then smoothly decay to zero in the freest ream. In the limit (as 132-+00),
at the wall f'--+0 and g' appears to change from 0 to lover a relatively short
distance, and the "'00 required for the application of the end boundary
condition would be very large, closely approaching infinity. It is evident
from these results that an increasing cross-stream pressure gradient leads to
a high degree of skew near the wall, and as 132--+00, ()-+7r/2 so that the flow
direction changes by the maximum of 90° across the boundary layer.
Figures B.4.a through B.9.b depict velocity distributions and skew
angle profiles for streamwise pressure gradients with 131 = 0 for cases with
low, moderate, and large cross-stream pressure gradients. As already
discussed, at a fixed value of 13v a number of trends can be noted as 132
increases. For 132 = 0, g' is identically zero, and the flow is entirely two-
dimensional. For low values of 132' good solutions can be obtained with
values of TJoo which are 0(1) and the computed skew angles at the wall are
small and generally less than 10°. As 132 increases, the maximum value of g'
in the boundary layer increases along with the wall skew angle, and TJoo
must be increased. In fact, at a large enough 132, values of "'00 such as
103 _104 are required.
Some interesting trends can also be inferred by comparing the velocity
and skew angle profiles as 13 1 increases. Generally, for a fixed 132, the
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maxImum value of g' is lower, as well as the wall skew angle and the
required value of T/oo' Thus, a higher value of the streamwise pressure
gradient (31 yields a thinner, more stable boundary layer for fixed (32'
So far, cases where the cross-stream pressure gradient (32 is negative
have been discussed. In Figures B.IO.a and B.IO.b, velocity and skew angle
profiles for flows with equal streamwise pressure gradients and equal
magnitude but opposite SIgn cross-stream pressure gradients ((31 = 0.2,
(32 = ± 1.0) are compared. As shown, the distributions of f' are equal, while
the g' and () profiles for both cases are simply mirror images. Thus, the flow
is simply deflected the opposite way for (32) O.
Tables B.1.a, b, c and Figure B.ll exhibit the peak values of g' and
associated values of T/ and f' as either (31 or (32 increase. Note as (31 increases
for a fixed (32' the maximum value of g' decreases, and corresponding values
of T/ decrease and f' increase. This is indicative of a thinner boundary layer
for larger (31; the streamwise velocity f' approaches the freestream more
rapidly, and the peak on g' occurs much closer to the wall. Tables B.1.a
and B.1.b depict peak values for (32 = - 0.5 and - 4.0.
The influence of (32 for a fixed (31 is displayed in tabular form in Table
B.1.c and in graphical form in Figure B.l1. Note that as (32 increases, the
maximum value of g' increases from 0 at (32 = 0 and takes on a value of 0.9
at (32 = - 4.0. Note also that the growth rate is greater for small (32' As (32
increases, T/oo increases which indicates a thicker boundary layer; in
addition, the peak on g' occurs further away from the wall.
Tables B.2 and B.3 depict velocity and skew angle profiles in tabular
form for the following cases: (31 =0.2, (32 = - 0.5 and (31 =0.2, (32 = - 4.4.
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They are included so results could be verified by an interested reader.
5.2 Adverse Streamwise Pressure Gradients
The governing equations were solved numerically for a wide range of
adverse streamwise and cross-stream pressure gradients. In particular, the
values of (31 considered were: - .001, - .01, - .025, - .05, - .10, - .15, - .18,
- .198838; for each (31' the value of (32 was increased from zero to some
finite value at which it was found that the solution would not converge. In
this range of (31' there are generally two solutions, one of which is regular
and one which exhibits backflow. Some typical results are shown in
Appendix C. The mesh size used was D.."l = 0.05.
Typical regular velocity profiles for an adverse streamwise pressure
gradient and a moderate cross-stream pressure gradient are pictured in
Figure C.1.a, and the corresponding skew angle profile is shown in Figure
C.1.b. The representative value chosen was (31 = - 0.10, (32 = - 0.60. The
distributions behave similarly to that discussed for the favorable streamwise
pressure gradient case: f' increases monotonically from zero to 1; g' rises
from zero, through a peak, and decays to zero; () begins at some finite value
less than 900 at the wall and then decays to zero as "l approaches the
freestream.
Typical backflow velocity profiles for an adverse streamwise pressure
gradient and a moderate cross-stream pressure gradient are portrayed in
Figure C.2.a, and the corresponding skew angle profile is shown in Figure
C.2.b. The representative value chosen was (31 = - 0.10, (32 = - 0.05. Note
that these profiles are markedly different than those discussed so far. The
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crossflow g' behaves as previously discussed. However, fl begins at zero at
the wall as expected, becomes negative in a region of reversed flow midway
through the layer, and finally becomes positive again approaching 1. The
flow reversal is due to the presence of an adverse streamwise pressure
gradient. It should be noted that f"(O) is less than zero at the wall.
The skew angle profile also reflects the modified flow behavior; it takes
on a value greater than 900 at the wall, decreases through 900 midway
through the boundary layer, and approaches zero at the freestream. The
point in the boundary layer where the skew angle is 900 occurs where f'
passes through zero.
Figure C.3.a depicts the backflow velocity profile for /31 = - .001 and
132 =O. Note the large region of relatively weak reversed flow (up to
approximately TJ =20) and the sharp change in fl that occurs midway
through the boundary layer in order for the profile to meet the condition
f/-+1 as TJ-l'OO. An interesting observation is that while the region of
reversed flow may extend to large values of TJ, the magnitude of fl in this
region is small and of 0(10- 1). In the limit as 131-+0-, the fluid in the
region of backflow comes to rest and instantaneously jumps to fl = 1 at
TJ =00. This is the alternative solution to the Blasius equation (Smith,
1984). Figure C.3.b portrays the evolution of the velocity profile as
131-l'0 -, obtained from a paper by Laine and Reinhart (1984), which is
consistent with the present results.
Attempts were made to calculate three-dimensional solutions with a
cross-stream pressure gradient for 131= - 0.001 with no success. Apparently,
a flow with such a small adverse streamwise pressure gradient can support
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little or no cross-stream pressure gradient. This concept of a value of (32
beyond which solutions do not converge will be discussed in detail later in
this section.
Figures CA.a and C.4.b compare regular and backflow velocity and
skew angle profiles for representative values of the adverse streamwise and
cross-stream pressure gradients. The values chosen were (31 = - 0.15 and
(32 = - 0.05. The regular solution has f"(O) > 0 and the crossflow g' has a
very small peak and decays back to zero for small T/ values. The backflow
solution has f"(O) < 0 and the crossflow displays a larger peak than in the
former case. The streamwise profile fl approaches 1 much faster for the
regular solution than for the reversed flow solution. Generally, this signifies
that for flows with the same adverse streamwise pressure gradient and the
same cross-stream pressure gradient, the backflow solution yields a thicker
boundary layer than the regular solution; in addition, the peak on g' is
larger. The upper possible limit on (32 is also expected to be much lower
for the reversed flow case than for the regular case, and this will be
confirmed later in this section. This means that a regular flow appears to be
able to support a larger cross-stream pressure gradient than can a reversed
flow for the same adverse streamwise pressure gradient.
The corresponding skew angle profiles pictured in Figure C.4.b support
these same conclusio~s. Note also that these same observations can be
made for the full range of adverse streamwise pressure gradients and cross-
stream pressure gradients considered.
Figures C.5.a through C.11.b depict regular and backflow velocity
distributions and skew angle profiles for (31 = - 0.05 and (31 = - 0.18; for
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each value of !h, f32 is increased from zero to the point at which the
numerical scheme does not converge. A number of trends can be noted for
each type of solution as f32 increases for a fixed f3 1. The crossflow g' is
identically zero at f32 = 0 for both the regular and backflow cases. For the
regular monotonic solution, an increasing value of f32 yields an increasing
value of the crossflow peak, and the required value of TJoo also increases.
The skew angle is also identically zero at f32 = 0, and as f32 increases, the
value of (} at the wall increases towards 90°. These behaviors are consistent
with those discussed for favorable streamwise pressure gradients.
The backflow solution exhibits somewhat different trends, the most
notable being the existence of a region of reversed streamwise flow near the
wall. The crossflow g' and the behavior of Tfoo as (32 increases behave
similarly to that discussed for the regular flow case. The behavior of the
skew angle, however, is markedly different than that discussed so far. For a
value of (32 equal to zero, the skew angle at the wall takes on a value of 180°
and sharply diverts towards zero as f' passes through zero. The profiles for (}
retain this general shape as the cross-stream pressure gradient increases for a
fixed f31, and (}wall approaches 90° from above instead of from below as was
the case for regular solutions.
Some interesting trends can also be inferred by comparing the velocity
and skew angle profiles for a fixed (32 as (31 increases for both the regular
and backflow cases. The regular velocity profiles exhibit the same traits for
increasing values of (31 that were observed for the favorable pressure
gradient cases. Reversed flow profiles follow somewhat different trends. For
a fixed value of (32' as (31 increases the maximum value of g' increases, as
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well as the skew angle at the wall and the required value of TJoo for a smooth
streamwise decay to the freestream. This is exactly opposite to the trend
noted for the regular flow case. It can be concluded that reversed flows with
higher adverse streamwise pressure gradients appear to have thinner
boundary layers with smaller peak crossflows.
The skew angle profiles for the backflow case possess some interesting
characteristics. There appears to be a point (TJ, (J) at a fixed value of /31that
remains constant for any changes in /32' Alternatively, one could say that at
some point defined by the position TJr, the ratio g'lf' does not change. This
point can be found from the backflow Falkner-Skan solution at /32 = 0; the
value of TJ inside the boundary layer where f' = 0 determines the value of 'r/r'
As the value of /31 decreases for a fixed /32' the position 'r/r in the boundary
layer decreases, finally taking on a value of TJr = 0 at the Falkner-Skan
separation point, /31 =- 0.198838. The constant value of (J corresponding to
TJr decreases with decreasing values of /32; it terminates at the value of 900
at the Falkner-Skan separation point where the backflow and regular
solutions merge.
Figures C.12.a through C.13.b represent regular and backflow velocity
profiles at the Falkner-Skan separation point, /31 = - 0.198838. The
behavior of the crossflow and the required values of 'r/oo as /32 increases are
consistent with the cases discussed so far. However, the wall skew angle for
a regular monotonic profile decreases with increasing /32' This trend in (Jwall
is opposite to the observations made for regular solutions influenced by
magnitudes of the adverse streamwise pressure gradient below that of
Falkner-Skan separation. Note also that the flow will not separate if /32 is
49
large enough. Likewise, the trends in the wall skew angle for reversed flow
profiles as /32 increases are opposite to those previously observed. Another
interesting observation is that for fixed values of the streamwise and cross-
stream pressure gradients, the maximum value of g' for the backflow
solution is less than the g' peak for the regular solution. This is again
opposite to that seen for values of /31> = - 0.198838. Thus, the Falkner-
Skan separation point seems to represent a turning point for three-
dimensional solutions as well as two-dimensional solutions.
Figures C.14.a through C.15.b depict velocity and skew angle profiles
for values of /31 < - 0.198838. A representative set of solutions in this range
is pictured in C.14.a and C.l4.b for /31= -0.21 with /32 decreasing
from - 0.27 through - 0.50. Profiles for flows influenced by adverse
streamwise pressure gradients beyond the Falkner-Skan separation point
cannot be obtained from /32= 0 to some finite value defined by /32min' The,
numerical scheme diverges below this point. This value of /32represents the
minimum cross-stream pressure gradient required for a solution. As 1/321
increases beyond this minimum value, the skew angle decreases until
separation is reached (i.e., f"(O) =0); further increases in 1/32 \ cause Bwall to
again increase and streamwise flow reversal to occur. Moreover, in this
range the crossflow peaks increase as expected but drop below those attained
in the regular solution. The combination of these behaviors lends a non-
symmetric appearance to the graphs of the velocity and skew angle profiles
in this parameter range.
It is this author's contention that beyond the Falkner-Skan separation
point and up to a new separation point (discussed next), the solutions are
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unique; either regular or reversed flow is exhibited. It is important to recall
that in the discussion of the double boundary value method, regular
solutions could only be obtained because this scheme would "latch on" to
the monotonic behavior of f', and backflow profiles could not be computed
even though they existed. Reversal of flow had to be determined using a
shooting method for f' in conjunction with a boundary value technique for
g'. However, beyond the Falkner-Skan separation point, this latter method
is unstable and yields no solutions. The double boundary value technique
calculates regular solutions starting from a minimum value of 1,821, and
proceeds through separation and flow reversal as 1,821 increases. Because
this scheme tends to latch onto the most stable solutions, and since
previously backflow solutions were not able to be computed using this
method, it is proposed that the solutions in the present parameter range are
umque. This conclusion is derived from observations of numerical
experiments and would have to be verified by a mathematical proof.
Figures C.15.a and C.15.b represent the velocity and skew angle profiles
at the proposed new approximate point of separation: ,81 = - 0.219,
,82 ~ - 0.39. It should be noted that ewall ~ 90° here. Table C.1 depicts
this data in a tabular format.
Throughout this section, the reader may have noticed that no references
were made to nor conClusions drawn based on flow behavior as ,82--+00. For
every value of ,81' there exists an upper limit on ,82 beyond which no
solutions are obtainable. This is evidenced by a diverging numerical scheme
near this critical value. There also exists a minimum ,82 below which no
solutions can be obtained, as discussed earlier. Figure C.16.a portrays these
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(/31' /32) pairs for solutions obtained by a double boundary value method and
Figure C.16.b depicts these pairs for solutions obtained by the
shooting/boundary value method.
In Figure C.16.a, the squares represent minimum /32 limits for each
value of /31; /32cannot be less than the displayed values for profiles to exist.
The asterisks represent maximum /32 values which must be achieved for a
solution to exist at a certain value of /31' Note that this curve begins at the
Falkner-Skan separation point; for /31 > - 0.198838, the maximum value of
/32is identically zero. As /31values decrease, the /32, min values increase and
the /32max values decrease until they meet at the new proposed separation,
point: /31= - 0.219, /32= - 0.39.
Figure C.16.b depicts /31vs. /32min values for backflow solution cases.,
Note that /32min decreases as /31 decreases, and the curve ends at the,
Falkner-Skan separation point. Below this value of /31' solution via the
shooting/boundary value technique is impossible. From these two graphs it
is easily seen that for the same value of /31' the regular solution is able to
withstand a much larger cross-stream pressure gradient than the backflow
solution, as was previously discussed.
Table C.2 compares the two numerical schemes used to obtain regular
and backflow solutions for /31=0.2, /32= -0.1. The results are in excellent
agreement.Tables C.3 "and C.4 depict regular and backflow profiles in tabular
format for verification by the interested reader. The regular solution is
computed at /31= - 0.10, /32 = - 0.60; the backflow solution is tabulated at
I
Appendix E, Table E.2 depicts a chart which summarIzes the
52
conclusions made in this and in the preceding section.
5.3 Asymptotic Beha.vior for If32\< 1
The analytical structure of the profile functions f' and g' is desired.
Candidate solutions for f and g are proposed for small f32 for equations (4.1)
and (4.2). The proposed solution is a regular perturbation expansion around
the small parameter f32, which takes the following form:
(5.1)
g (5.2)
The method of solution for the terms in the expansion is now discussed.
Equations (4.1) and (4.2) are substituted into equations (5.1) and (5.2),
which results in a set of equations in terms of fa, f1, f2, ..., go, gl' g2 ....
Like coefficients of powers of f32 are grouped together, and each coefficient
must be identically zero to satisfy the differential equations. This results in
a set of differential equations which can be sequentially solved to yield fa,
go, f1, gl' f2, g2 . . .. The boundary conditions for the leading order terms
in these equations are:
fl
a o, at TJ = 0 ,
(5.3)
f~ -t 1, g~ -t 0 ,
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The boundary conditions for f1, gl' f2, g2, ... and their derivatives are:
df· dg·
Z Z 0d1'] = d1'] -+ ,
at 1'] = 0 ;
as 1']-+00 ,
n = 0,1; i =1, 2, 3, ....
i=1,2,3, ....
(5.4)
For simplicity, only the terms fo, go, f1, gl, f2, g2 are kept in the expansion.
Upon substitution and simplification of the equations, it can be easily shown
that the following differential equations govern the solution of fo, go, f1, gl'
0, (5.5)
o, (5.6)
fill + f f" + f f" - 2f.? f/fl1 0 1 1 0 fJl 0 1 o, (5.7)
(5.8)
0, (5.9)
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(5.10)
There are a few interesting points to note regarding this set of equations.
First, the solution is independent of {32 and is dependent on (31' Note also
that equation (5.7) is identically satisfied by f1 == 0 when coupled with the
relevant boundary conditions. Likewise, equation (5.8) is identically
satisfied by gl == O. Thus, the solutions for f and g reduce to:
f = fa + {322f2 ,
g = (32(ga + (322g2) .
(5.11 )
(5.12)
Equations (5.11) and (5.12) will only converge for (32 <111, which is the
limitation for small (32 solutions. Equation (5.58) is of the form of the
Falkner-Skan equation, which makes sense; to a first approximation, the
three-dimensional boundary layer will exhibit a velocity profile similar to a
two-dimensional boundary layer. Another important note is that the
equations are still nonlinear and must be solved numerically.
One may question the usefulness of the exercise just performed· if
solutions still must be evaluated numerically. It is always important to
obtain the analytical ,structure of flow field solutions so that general flow
behavior and properties can be understood. Also, it is expected that this
kind of exercise will yield similar results to those obtained by numerically
solving the governing equations directly, which would result in a validation
of the chosen numerical method. Finally, this kind of approach decreases
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the number of numerical simulations that must be performed for each value
of /31' If the expansion terms fo, f2, go, and g2 are known at each value of
/31' then the solution of f and g and their derivatives over the range
0:::; /32< 1 are also known. This knowledge can significantly decrease the
computational time necessary to obtain velocity profiles over any region of
interest.
The equations are solved numerically in sequence (i.e., fo is found first,
then go, f2, and so on) at each value of /31 by employing the Thomas
algorithm to solve for each expansion term; the previous stage's re;ults are
successively used for the solution of the next term. This type of method has
been discussed in detail in the preceding sections. For the interested reader,
the Thomas algorithm coefficients necessary for the solution of fo, go, f2, and
g2 are included below. Generally, an approximation to the differential
equations via central differences was used. For the special cases at the wall
(mesh point 1) and at 'f/=OO (mesh point n+1), sloping differences were
used to approximate f~, g~ where necessary. The following formulae contain
only the central difference approximations.
For the solution of fo, define Yo =f6 and
b· hJ 1 + '2 fo,j ,
h . (5.13)c· 1 - '2 fo,j ,J
aj = -2 -h2/31Y .0,J ,
d· = - h2/31.J
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For the solution of go, define Zo = g~ and
bj = 1 + ~ fo,i '
c)' = 1 - 11 f .2 0,),
a· - -2 _2h2((31+1) y .) - 3 0,) ,
(5.14)
For the solution of f1, it has been noted that f1~ 0; likewise, gl == 0 also.
For the solution of f2, define Y2 = f2and
b· 1 h= + 2" fo,j ,)
c· = 1 - ~ fo,i ')
a· = - 2 - 2h2 (31 Y .) ~)'
For the solution of g2" define z2 = g2 and
b· 1 h= + 2" fo,j ,)
1 hc· =
- 2"fo,j')
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(5.15)
(5.16)
Tabular data is included in Appendix D, Table D.l, which compares
the full numerical solution to the asymptotic solution for f3 1= 0.2,
f32 = - 0.05. Note that the agreement is excellent. Also included in
Appendix D is Table D.2 depicting the regular perturbation expansion terms
f~, g~, f2, g2 that define the velocity profiles for f3 1 = 0.2, f32 small.
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6. Conclusion
As evidenced III this study, the behavior of fluid flow in three-
dimensional laminar similar boundary layers is complex and depends upon
the streamwise pressure gradient 132 and the cross-stream pressure gradient
131, Two-dimensional flow is exhibited for a vanishing cross-stream pressure
gradient, and the three-dimensional effect of a cross-stream velocity is
introduced for a non-zero value of 132, For favorable streamwise pressure
gradients, the solutions to the governing equations represent unique
boundary layer profiles, and as the value of 13C-+oo, the crossflow approaches
the mainstream velocity near the wall, resulting in a large deflection of the
resultant velocity from the external streamline. Flows influenced by adverse
streamwise pressure gradients exhibit non-uniqueness; both a regular
monotonic profile and one which experiences flow reversal near the wall
appear to exist. For negative values of 131, there seems to be a limit
imposed upon the magnitude of the cross-stream pressure parameter (32' and
beyond this point no solutions were found to exist. Results also indicate
that traditional Falkner-Skan separation can be delayed by the introduction
of a cross-stream pressure gradient, and a new separation point has been
proposed that depends on both (31 and (32'
There are some limitations associated with the use of three-dimensional
similarity solutions in the physical world. Defining the external flow and
curvature required for similarity is not as easily derived as in the two-
dimensional case. Thus, determining the flow geometry from given values of
(31 and (32 would be very complicated. Even though these limitations do
exist, obtaining a general understanding of boundary layer flow behavior
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under the influence of favorable and adverse streamwise pressure gradients
and cross-stream pressure gradients is important and was achieved in this
study.· Also, a major motivation driving the investigation of three-
dimensional boundary layer similarity is that these solutions are expected to
be able to be used as initiators or terminators of more complicated three-
dimensional flows that may not be able to be solved without an adequate
profile to initiate a numerical integration.
Much work still needs to be done to more fully understand three-
dimensional boundary layer similar flows, and investigation of fluid flow
behavior under the influence of the various parameter ranges not considered
in this study is encouraged.
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Appendix A: The Falkner-8kan Equation
Tables
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p
'"
-0,18
. I -0'15 -0'10 I -0'05 -0,0251'(0) ... -0,097 -0'132 -0·141 -0'1082 -0'074,
7J 1'(71)
0 0 0 0 0 0
0·4 -0,024 -0,041 -0,048
-0'039 -0,028
0·8 .. -0,020 -0,058 -0,081
-0'071 -0,052
1·2 +0·013 -0'050 - 0·097
-0'096 -0,072
1-6 0·076 -0·019 -0,099
-O'lll -0,088 .
2·0 0·167 +0·035 -0,084
-0'120 -0,101
2·4 0·283 0·119 -0,062
-0'122 -0,110
2·8 0·419 0·226 0·000
-0'115 -0,116
3·2 0·663 0·354 +0·071
-0'099
-0'll8
3·6 :' 0·699 0·493 0·166
-0'073 -0,117
4·0 0·814 0·633 0·279
-0'034
-0·111
4·4 . 0·898 0·759 0·409 +0·018
-0·100
4·8 0·951 0·868 0·547 0·087 -0,083
5·2 0·979 0·926 0·681 0'174 -0,058
6·6 0·992 0·966 0·796 0'279· -0·024
6·0 0·997 0·986 0·883 0'400- +0·022
6·4 0·999 0·995 0·942 0'630 0·081
6·8 1·000 0·999 0·974 0·669 0·156
7·2
- 1·000 0·990 0'774 0·249
7·6
-
- 0·996 0'866 0·357
8·0
- - 0·999 0·928 0·478
8·4
- - 1·000 0·967 0·604
8·8
- - - 0'986 0·723
9·2
- - - 0'994 0·825
9·6
- - - 0'998 0·901
10·0
- - - '0'999 0·960
10·4
- - - 1-000 0·978
10·8
- - - - 0·992
11·2
- - - - 0·997
11-6
- - - - 0·999
12·0
- -
- - 1·000
Table A.l: Falkner-Skan solutions with reversed flow (Stewartson, 1954).
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Appendix A: The Falkner-Skan Equation
Figures
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uu
Inviscid flow
_---~ (dU/cIx)
.. U
-- --
Solid body
Figure A.l: Two-dimensional planar bluffbody. (Puhak, 1992).
t . '. - • •~ ~zizZZZZZZZZZZZ)ZZZZZZZZZZZZ?Z/ZZZZ/Z
Figure A.2: Flow over a flat plate. (Puhak, 1992).
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Flat
plate
I
.'
x=o
Figure A.3: Flow against a wedge ofhaIf-angle ~1tI2. (Evans, 1968).
u x
t t
x=o
Figure A.4: Plane stagnation point flow (Hiemenz flow). (Evans, 1968).
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u (x) ~x
Figure A.5: Flow around an expansion comer of turning angle ~1rI2. (White, 1974).
....u
::z: ---x
?::::::J
Figure A.6: Flow around the edge of a thin plate. (Evans, 1968).
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--u
Figure A.7: Flow around a right angle comer. (Puhak, 1992).
Figure A.S: Approximation to the flow at the tip ofa missile. (Schlichting, 1960).
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u=l
x-+
Figure A.9: Alternative backflow solution to the Blasius equation. (Smith, 1984).
652 3 4
U (1 +m)7)=Y 2/Jx
0.0 ac:._.l-_.l-_.l-_-'--_-'---J
o
0.2 H-H'.I-,'r-I---l----l----I----I----1
1.0
0.8 I--~~t-.,I~--.q¥- P= 1.0 ":"----1
p= 0.3
r 0.6 1---f-l:--I-7L...+it>...d:.+--= P=0.0
p= -0.1
P=-0.18
0.4 I-t-H-Jf-~~~=-- P= -0.198838
Retarded flows
Figure A.I0: Typical regular velocity profiles for the Falkner-Skan equation. (White, 1974).
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5
3
'2.
~ : -0.\988·
0.5 \.0
r
1.5 '2..0
Figure A.II: Typical Falkner-Skan overshoot profiles. (Libby and Lin, 1967).
1.2 ft--I---+-----;----1f---I---l
652 3 4
jUll+mlTJ=Y 2l1x
0.6 I--"rl-i--T!----ir---'---i------l
0.8 k--'~"----+--l----1f---I---l
Accelerated flows
1.0 I-\----i--=-l~ = 1.0---+---+--1
~ = 0.3
f'
Figure A.12: Typical Falkner-Skan shear stress profiles. (White, 1974).
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Appendix B: Favorable Streamwise Pressure Gradients
Tables
72
82= -4.0 82= -0.5
81 n f g' 81 n f g'
0 2.15 0.355 0.901 0 1.1 0.482 0.228
0.2 1.75 0.42 0.855 0.2 0.95 0.544 0.164
0.6 1.3 0.522 0.754 0.6 0.8 0.604 0.11
1 1.05 0.591 0.655 1 0.7 0.627 0.084
Table B.l.a Table B.l.b
Table B.I: Crossflow peaks and corresponding position and strearnwise flow for
~2 =-4.0 and -0.05, ~l =0.0 to 1.0.
81 = 0.0
82 n f g'
-0.05 1.05 0.482 0.022
-0.2 1.05 0.479 0.088
-0.5 1.1 0.482 0.228
-1 1.3 0.501 0.485
-1.2 1.4 0.513 0.569
-2 1.7 0.482 0.756
-2.2 1.8 0.474 0.783
-2.5 1.85 0.447 0.815
-2.8 1.9 0.423 0.841
-3 1.95 0.41 0.855
-3.3 2 0.391 0.872
-3.4 2.05 0.388 0.877
-3.5 2.05 0.38 0.882
-3.7 2.1 0.377 0.89
-3.8 2.1 0.364 0.894
-3.9 2.1 0.357 0.898
-4 2.15 0.355 0.901
Table B.l.e: Crossflow peaks and corresponding position and streatnwise flow for
PI = 0.0, ~2 = -0.05 to -4.0.
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~l =0.2, ~2 = -0.5
T\ f' g I f g e
O.OOOOOD+OO O.OOOOOD+OO O.OOOOOD+OO O.OOOOOD+OO O.OOOOOD+OO 0.29914D+02
0.20000D+OO 0.13089D+OO 0.67676D-01 0.13215D-01 0.70773D-02 0.273410+02
0.40000D+OO 0.25354D+OO 0.11603D+OO 0.51790D-01 0.25740D-01 0.245910+02
0.60000D+OO 0.36745D+OO 0.14664D+OO 0.11403D+OO 0.52269D-01 0.21755D+02
0.80000D+OO 0.47201D+OO 0.161730+00 0.19813D+OO 0.83328D-01 0.189140+02
0.10000D+Ol 0.566610+00 0.164010+00 0.302150+00 0.11608D+OO 0.16144D+02
0.12000D+Ol 0.650780+00 0.156370+00 0.42405D+OO 0.148250+00 0.13511D+02
0.14000D+Ol 0.724260+00 0.14175D+OO 0.56172D+OO 0.178150+00 0.11074D+02
0.16000D+Ol 0.787030+00 0.122900+00 0.71302D+OO 0.204660+00 0.887560+01
0.18000D+Ol 0.83940D+OO 0.102260+00 0.87582D+OO 0.22719D+OO 0.69456D+Ol
0.20000D+Ol 0.88196D+OO 0.81792D-01 0.104810+01 0.24558D+OO 0.52984D+Ol
0.22000D+Ol 0.91558D+OO 0.62953D-01 0.12280D+Ol 0.26002D+OO 0.39333D+Ol
0.24000D+Ol 0.94134D+OO 0.466460-01 0.141380+01 0.270930+00 0.28368D+Ol
0.26000D+Ol 0.96045D+OO 0.33279D-01 0.160410+01 0.27888D+OO 0.19845D+Ol
0.280000+01 0.974160+00 0.228610-01 0.179760+01 0.28445D+OO 0.134430+01
0.30000D+Ol 0.98366D+OO 0.15120D-01 0.19934D+Ol 0.288210+00 0.88065D+OO
0.320000+01 0.99000D+OO 0.96278D-02 0.219090+01 0.290650+00 0.557180+00
0.34000D+Ol 0.994090+00 0.59014D-02 0.23893D+Ol 0.29218D+OO 0.34013D+OO
0.360000+01 0.99663D+OO 0.34818D-02 0.25884D+Ol 0.29310D+OO 0.200170+00
0.38000D+Ol 0.99814D+OO 0.197710-02 0.27879D+Ol 0.29364D+OO 0.11349D+OO
0.400000+01 0.99901D+OO 0.10804D-02 0.298760+01 0.293930+00 0.61962D-01
0.42000D+Ol 0.99949D+OO 0.568070-03 0.31874D+Ol 0.29409D+OO 0.32565D-01
0.440000+01 0.999750+00 0.28740D-03 0.338740+01 0.29418D+OO 0.164710-01
0.46000D+Ol 0.99988D+OO 0.13988D-03 0.35873D+Ol 0.29422D+OO 0.80156D-02
0.48000D+Ol 0.99995D+OO 0.65492D-04 0.378730+01 0.294240+00 0.37526D-02
0.50000D+Ol 0.99998D+OO 0.29494D-04 0.39873D+Ol 0.29425D+OO 0.16899D-02
0.52000D+Ol 0.99999D+OO 0.12774D-04 0.41873D+Ol 0.294250+00 0.73191D-03
0.54000D+Ol 0.10000D+Ol 0.53205D-05 0.43873D+Ol 0.29425D+OO 0.30485D-03
0.560000+01 0.10000D+Ol 0.21308D-05 0.458730+01 0.294250+00 0.12209D-03
0.58000D+Ol O.lOOOOD+Ol 0.82049D-06 0.47873D+Ol 0.294250+00 0.47011D-04
0.600000+01 0.10000D+Ol 0.30372D-06 0.498730+01 0.294250+00 0.17402D-04
0.62000D+Ol O.lOOOOD+Ol 0.10808D-06 0.51873D+Ol 0.29425D+OO 0.61923D-05
0.630000+01 O.lOOOOD+Ol 0.63518D-07 0.52873D+Ol 0.294250+00 0.36393D-05
0.64000D+Ol O.lOOOOD+Ol 0.36963D-07 0.53873D+Ol 0.29425D+OO 0.21178D-05
0.650000+01 O.lOOOOD+Ol 0.212970-07 0.548730+01 0.294250+00 0.12202D-05
0.66000D+Ol O.lOOOOD+Ol 0.12149D-07 0.55873D+Ol 0.29425D+OO 0.69611D-06
0.67000D+Ol O.lOOOOD+Ol 0.68623D-08 0.568730+01 0.294250+00 0.39318D-06
0.68000D+Ol 0.10000D+Ol 0.38375D-08 0.57873D+Ol 0.29425D+OO 0.219870-06
0.69000D+Ol 0.10000D+Ol 0.212470-08 0.58873D+Ol 0.294250+00 0.12174D-06
0.70000D+Ol O.lOOOOD+Ol 0.116470-08 0.59873D+Ol 0.29425D+OO 0.66732D-07
Table B.2: Typical velocity profile for a favorable streamwise pressure gradient and a moderate
cross-stream pressure gradient: ~l =0.2, ~2 = -0.5.
74
~I = 0.2, ~2 = ..JA
11 f' g' f g e
O.OOOOOO-HlO 0.000000+00 O.OOOOOD-HlO O.OOOOOD-HlO O.OOOOOD-HlO 0.80063D-Hl2
0.10000D-Hl2 0.69380D-Hl0 0.71879D-Hl0 0.53119D-Hll 0.77509D-Hll OA6014D-Hl2
0.20000D-Hl2 0.785300+00 0.61875D-Hl0 0.12772D-Hl2 0.14391D-Hl2 0.38235D-Hl2
0.300000-Hl2 0.83181D-Hl0 0.554890-Hl0 0.20878D-Hl2 0.20241D-Hl2 0.33707D-Hl2
0.40000D-Hl2 0.861660+00 0.50738D-HlO 0.29355D-Hl2 0.25543D-Hl2 0.30492D-Hl2
0.50000D-Hl2 0.882990+00 0.46932D-HlO 0.38083D-Hl2 0.30420D-Hl2 0.27991D-Hl2
0.60000D-Hl2 0.899220+00 0.43745D-HlO 0.46997D-Hl2 0.34950D-Hl2 0.25942D-Hl2
0.70000D-Hl2 0.91208D-Hl0 0.40997D-Hl0 0.560560-Hl2 0.39184D-Hl2 0.24203D-Hl2
0.80000D-Hl2 0.92258D-Hl0 0.38577D-HlO 0.65231D-Hl2 0.4316OD-Hl2 0.22692D-Hl2
0.900000-Hl2 0.931340+00 0.364120@ 0.74502D-Hl2 0.46907D-Hl2 0.21353D-Hl2
0.10000D-Hl3 0.93878D-Hl0 0.34450D-HlO 0.83854D-Hl2 0.50449D-Hl2 0.20152D-Hl2
0.11000D-Hl3 0.94517D+OO 0.32656D-Hl0 0.93274D-Hl2 0.53803D-Hl2 0.19060D-Hl2
0.12000D-Hl3 0.950730+00 0.3100ID@ 0.10275D-Hl3 0.56985D-Hl2 0.18060D-Hl2
0.13000D-Hl3 0.95560D-Hl0 0.29464D-Hl0 0.11229D-Hl3 0.6ooo7D-Hl2 0.17136D-Hl2
0.14000D-Hl3 0.95991D-Hl0 0.28028D-HlO 0.12186p-t{l3 0.62881D-Hl2 0.16277D-Hl2
0.15000D-Hl3 0.963750+00 0.266800-Hl0 0.13l48D-Hl3 0.65616O-Hl2 0.154740+02
0.16000D-Hl3 0.967180+00 0.25408D-Hl0 0.14114D-Hl3 0.68219D-Hl2 0.14719D-Hl2
0.170000-Hl3 0.97026D-Hl0 0.242050+00 0.150830-Hl3 0.70700D-Hl2 0.14008D-Hl2
0.180000-Hl3 0.973040+00 0.23062D-Hl0 0.160540-Hl3 0.73062D-Hl2 0.13333D-Hl2
0.19000D-Hl3 0.975560+00 0.21972D-Hl0 0.17029D-Hl3 0.75314D-Hl2 0.12693D-Hl2
0.200000-Hl3 0.977850+00 0.20931D-HlO 0.18005D-Hl3 0.77458D-Hl2 0.12082D-Hl2
0.210000-Hl3 0.979930+00 0.19934D-Hl0 0.18984D-Hl3 0.79501D-Hl2 0.114980+02
0.22000D-Hl3 0.981830+00 0.189760+00 0.19965D-Hl3 0.81447D-Hl2 0.10939D-Hl2
0.230000-Hl3 0.983560+00 0.18055D@ 0.209480-Hl3 0.83298D-Hl2 0.104020+02
0.24000D-Hl3 0.985150+00 0.17166D@ 0.21932D-Hl3 0.85059D-Hl2 0.988450+01
0.25000D-Hl3 0.98661D-Hl0 0.16308D-Hl0 0.229180-Hl3 0.86732D-Hl2 0.93856D-Hll
0.26000D-Hl3 0.98795D-Hl0 0.15477D-Hl0 0.23905D-Hl3 0.88321D-Hl2 0.89034D-Hll
0.27000D-Hl3 0.989180+00 0.1467ID@ 0.248940-Hl3 0.89828D-Hl2 0.84366D-Hll
0.28000D-Hl3 0.990310+00 0.13889D-Hl0 0.25884D-Hl3 0.91256D-Hl2 0.79838D-Hll
0.290000-Hl3 0.99134D-Hl0 0.131290-Hl0 0.26874D-Hl3 0.92607D-Hl2 0.75440D-Hll
0.30000D-Hl3 0.99230D-Hl0 0.12388D-Hl0 0.27866D-Hl3 0.93883D-Hl2 0.71160D-Hll
0.310000-Hl3 0.99317D+OO 0.11665O@ 0.288590-Hl3 0.95085D-Hl2 0.66989D-Hll
0.32000D-Hl3 0.993980+00 0.10959D-HlO 0.29853D-Hl3 0.96216D+02 0.62918D-Hll
0.330000-Hl3 0.9947ID-Hl0 0.10269D-Hl0 0.30847D-Hl3 0.97277D-Hl2 0.58938D-Hll
0.34000D-Hl3 0.995390+00 0.959180-01 0.31842D-Hl3 0.98270D-Hl2 0.55042D-Hll
0.35000D-Hl3 0.99601D-Hl0 0.892780-01 0.32838D-Hl3 0.99196D-Hl2 0.51221D-Hll
0.36000D-Hl3 0.99657D-Hl0 0.827520-01 0.33834D-Hl3 0.100060+03 0.47468D-Hll
0.370000-Hl3 0.99708D-Hl0 0.76327D-ol 0.34831D-Hl3 0.10085D-Hl3 0.437750+01
0.38000D-Hl3 0.997550+00 0.699910-01 0.35828D-Hl3 0.10158D-Hl3 0.40134D-Hll
0.39000D-Hl3 0.99797D-Hl0 0.637280-01 0.36826D-Hl3 0.10225D-Hl3 0.36538D-Hll
0.40000D-Hl3 0.998340+00 0.575240-01 0.37824D-Hl3 0.10286D-Hl3 0.32977D-Hll
0.410000-Hl3 0.99868D-Hl0 0.513620-01 0.38823D-Hl3 0.1034OD-Hl3 0.29441D-Hll
0.42000D-Hl3 0.998980+00 0.452220-01 0.39821D-Hl3 0.10389D-Hl3 0.25919D-Hll
0.43000D-Hl3 0.999240-Hl0 0.390780-01 OA0821D-Hl3 0.10431D-Hl3 0.22396D-Hll
0.44000D-Hl3 0.999460+00 0.328980-01 0.41820D-Hl3 0.10467D-Hl3 0.18853D-Hll
0.450000-Hl3 0.99964D-Hl0 0.266330-01 0.42819D-Hl3 0.10496D-Hl3 0.15262D-Hll
0.46000D-Hl3 0.99979D-Hl0 0.202060-01 0.43819D-Hl3 0.10520D-Hl3 0.11578D-Hl1
0.47000D-Hl3 0.99991D-Hl0 O.13467D-ol 0.44819D-Hl3 0.10537D-Hl3 0.771640+00
0.48000D-Hl3 0.999980+00 0.59987D-02 0.45819D-Hl3 0.10547D-Hl3 0.343700+00
OA9000D-Hl3 0.100000+01 0.105110-07 0.46819D-Hl3 O.l0549D-Hl3 0.602250-06
0.50000D-Hl3 O.lOOOOD-Hl1 O.OOOOOD-HlO 0.47819D-Hl3 0.10549D-Hl3 O.OOOOOD-HlO
Table B.3: Typical velocity profile for a favorable streamwise pressure gradient and a large cross-
stream pressure gradient: PI =0.2, P2 =-4.4.
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Appendix B: Favorable Streamwise Pressure Gradients
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Figure B.I: Typical velocity and skew angle profiles for a favorable streamwise pressure gradient and
moderate cross-stream pressure gradient: PI =0.2, P2 =-0.5.
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Figure B.2: Definition of the skew angle.
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Figure BJ.b
Figure B.3: Typical velocity and skew angle profiles for a favorable streamwise pressure gradient and
a large cross-stream pressure gradient: PI = 0.2, P2 = -4.4.
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Figure B.4.b
Figure B.4: Velocity and skew angle profiles for ~l = 0, -1.0 < ~2 < O.
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Figure B.5: Velocity and skew angle profiles for PI = 0, -2.8 < P2 < -1.2.
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Figure B.6: Velocity and skew angle profiles for PI = 0, -3.5 < P2 < -3.0
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Figure B.7: Velocity and skew angle profiles for PI = 1.0, -2.0 < P2 < 0.
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Figure B.8: Velocity and skew angle profiles for PI = 1.0, -4.5 < P2 < -3.0.
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Figure B.9: Velocity and skew angle profiles for ~l =1.0, -6.0 < ~2 < -5.0.
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Figure B.IO.b
Figure B.IO: Velocity and skew angle profiles comparing flows with equal streamwise pressure
gradients and with equal cross-stream pressure gradients having the same magnitude but opposite
sign: ~l =0.2, ~2 =± 1.0.
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87
Appendix C: Adverse Streamwise Pressure Gradients
Tables
88
PI = -0.219, pz = .0.39
f' g' f g e
O.OOOOOD+QO O.OOOOOD+QO O.OOOOOD+QO O.OOOOOD+QO O.OOOOOD+QO 0.91356D+Q2
0.10000D+Q0 -o.26094D-03 0.552170.01 -o.26698D-04 0.27852D-02 0.89111D+Q2
0.20000D+Q0 0.16433D.o2 0.10655D+Q0 0.29035D-04 0.10898D.ol 0.89117D+Q2
0.30000D+Q0 0.56531D-02 0.15406D+OO 0.38094D.o3 0.23952D.ol 0.87899D+Q2
0.40000D+Q0 0.11680D.o1 0.19780D+Q0 0.12353D.o2 0.41568D.o1 0.86621O+Q2
0.50000D+Q0 0.19618D-ol 0.23787D+Q0 0.278870-02 0.63374D.o1 0.85285D+Q2
0.60000D+Q0 0.29345D-01 0.27437D+Q0 0.52260D-02 0.89009D.o1 0.83895D+Q2
0.70000D+Q0 0.40734D-01 0.30742D+OO 0.87200D-02 0.11812D+OO 0.82452D+Q2
0.80000D+Q0 0.536570.01 0.33712D+Q0 0.13430D.o1 0.15037D+Q0 0.80957D+Q2
0.90000D+Q0 0.67984D-01 0.36360D+OO 0.19504D-01 0.18542D+Q0 0.79409D+Q2
0.10000D+Q1 0.83593D.ol 0.38697D+Q0 0.27075D.o1 0.22297D+Q0 0.77810D+Q2
0.12000D+Q1 0.11820D+OO 0.42486D+Q0 0.47188D-01 0.30433D+Q0 0.74453D+Q2
0.14000D+Q1 0.15663D+Q0 0.45168D+Q0 0.74616D-01 0.39215D+Q0 0.70875D+Q2
0.16000D+Ql 0.19822D+OO 0.46828D+OO 0.11006D+Q0 0.48430D+Q0 0.67058D+Q2
0.18000D+Q1 0.24242D+Q0 0.47542D+Q0 0.15408D+Q0 0.57881O+Q0 0.62983D+Q2
0.20000D+01 0.28883D+OO 0.47384D+Q0 0.20718D+Q0 0.67387D+Q0 0.58635D+02
0.22000D+Ql 0.337170+00 0.46426D+Q0 0.26975D+OO 0.76780D+Q0 0.54011D+02
0.24000D+Q1 0.38718D+Q0 0.44739D+Q0 0.34216D+OO 0.85907D+00 0.49126D+Q2
0.26000D+01 0.43865D+OO 0.42404D+Q0 0.42472D+OO 0.94631D+OO 0.44030D+02
0.28000D+Ol 0.49128D+OO 0.39506D+Q0 0.51770D+OO 0.10283D+01 0.38805D+02
0.30000D+Ol 0.54468D+OO 0.36147D+Q0 0.62129D+Q0 0.11040D+Q1 0.33570D+Q2
0.32000D+01 0.59833D+Q0 0.32442D+Q0 0.73559D+OO 0.11727D+01 0.28467D+02
0.34000D+Ol 0.65149D+OO 0.28517D+Q0 0.86058D+Q0 0.12336D+Q1 0.23640D+02
0.36000D+Q1 0.70328D+Q0 0.24512D+Q0 0.99609D+OO 0.12867D+01 0.19215D+Q2
0.38000D+Ol 0.75270D+Q0 0.20565D+Q0 0.114170+01 0.13317D+Q1 0.152810+02
0.40000D+Q1 0.798710+00 0.16811D+Q0 0.12969D+01 0.136910+01 0.11886D+02
0.42000D+Ol 0.840370+00 0.13366D+Q0 0.14609D+01 0.13992D+Ql 0.90369D+01
0.44000D+Ql 0.87692D+Q0 0.10317D+Q0 0.16327D+01 0.14228D+Q1 0.67103D+Q1
0.46000D+Ol 0.90792D+OO 0.77204D.o1 0.18113D+01 0.14408D+Q1 0.48604D+01
0.48000D+Ql 0.933270+00 0.55923D.o1 0.19955D+01 0.14540D+Q1 0.34292D+01
0.50000D+Ql 0.95322D+Q0 0.39163D.o1 0.21842D+01 0.14634D+Q1 0.23527D+01
0.52000D+Ql 0.96833D+Q0 0.26488D.o1 0.23765D+01 0.14699D+Q1 0.15669D+Q1
0.54000D+01 0.97930D+OO 0.172870.01 0.25713D+01 0.14743D+Q1 0.10113D+Q1
0.56000D+Ql 0.98696D+OO 0.10879D.o1 0.27680D+Q1 0.147710+01 0.63154D+OO
0.58000D+Ol 0.99208D+OO 0.65979D.o2 0.29659D+Q1 0.14788D+Ql 0.38105D+Q0
0.60000D+Ql 0.99537D+00 0.385450.02 0.31647D+01 0.14798D+Q1 0.22187D+00
0.62000D+Ol 0.99739D+Q0 0.21682D.o2 0.33640D+Q1 0.14804D+Q1 0.12455D+Q0
0.64000D+Q1 0.99859D+OO 0.11740D.o2 0.35636D+Q1 0.14807D+01 0.67362D-01
0.66000D+01 0.999260+00 0.611770.03 0.37634D+01 0.14809D+Q1 0.35078D.o1
0.68000D+Ol 0.99963D+Q0 0.30672D.o3 0.39632D+Q1 0.14810D+Q1 0.17580D.o1
0.70000D+Ql 0.99982D+OO 0.14793D.o3 0.41632D+Q1 0.14810D+Q1 0.84772D.o2
0.72000D+Q1 0.99992D+Q0 0.68619D.o4 0.43632D+Q1 0.14810D+Q1 0.39319D.o2
0.74000D+01 0.99996D+OO 0.30609D.o4 0.45632D+Q1 0.14810D+Q1 0.17538D.o2
0.76000D+Q1 0.99998D+Q0 0.13128D.o4 0.47632D+01 0.14811D+Q1 0.75219D.o3
0.78000D+Ql 0.99999D+Q0 0.541310.05 0.49631D+Q1 0.14811D+Q1 O.31015D.o3
0.80000D+Q1 0.10000D+01 0.21455D.o5 0.51631D+Q1 0.14811D+Q1 O.12293D.o3
Table C.1: Velocity profile for the proposed new separation point: PI =.0.219, P2 =-0.39.
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131 =0.2, 132= -0.1
TJ f I (shootJbv) g , (shootJbv) f' (bvlbv) g I (bvlbv)
0.0000000+00 0.0000000+00 0.0000000+00 0.0000000+00 0.0000000+00
0.1000000+00 0.6762090-01 0.7234820-02 0.6762270-01 0.7234330-02
0.2000000+00 0.1332260+00 0.1347670-01 0.1332300+00 0.1347570-01
0.3000000+00 0.1967780+00 0.1874390-01 0.1967850+00 0.1874240-01
0.4000000+00 0.2582190+00 0.2306610-01 0.2582290+00 0.2306420-01
0.5000000+00 0.3174730+00 0.2648360-01 0.3174870+00 0.2648120-01
0.6000000+00 0.3744540+00 0.2904630-01 0.3744720+00 0.2904350-01
0.7000000+00 0.4290690+00 0.3081270-01 0.4290910+00 0.3080940-01
0.8000000+00 0.4812170+00 0.3184870-01 0.4812440+00 0.3184510-01
0.9000000+00 0.5308050+00 0.3222620-01 0.5308360+00 0.3222220-01
0.1000000+01 0.5777410+00 0.3202160-01 0.5777760+00 0.3201730-01
0.1200000+01 0.6633570+00 0.3018420-01 0.6634000+00 0.3017930-01
0.1400000+01 0.7376320+00 0.2697370-01 0.7376820+00 0.2696840-01
0.1600000+01 0.8004760+00 0.2299200-01 0.8005310+00 0.2298660-01
0.1800000+01 0.8522020+00 0.1875940-01 0.8522590+00 0.1875400-01
0.2000000+01 0.8935260+00 0.1468170-01 0.8935840+00 0.1467650-01
0.2400000+01 0.9494540+00 0.7972610-02 0.9495040+00 0.7968510-02
0.2800000+01 0.9788530+00 0.3701090-02 0.9788900+00 0.3698320-02
0.3200000+01 0.9922580+00 0.1471570-02 0.9922810+00 0.1470000-02
0.3600000+01 0.9975320+00 0.5014000-03 0.9975440+00 0.5006440-03
0.4000000+01 0.9993180+00 0.1463760-03 0.9993230+00 0.1460720-03
0.4400000+01 0.9998370+00 0.3658490-04 0.9998390+00 0.3648290-04
0.4800000+01 0.9999660+00 0.7808450-05 0.9999670+00 0.7780550-05
0.5200000+01 0.9999940+00 0.140499D-05 0.9999940+00 0.1399280-05
0.5600000+01 0.9999990+00 0.1942660-06 0.9999990+00 0.1937010-06
0.6000000+01 0.1000000+01 0.0000000+00 0.1000000+01 0.0000000+00
Table C.2: Comparison of the double boundary value method and the shooting/boundary value
method: 131 =0.2,132 =-0.10.
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~1 = -0.10, ~2 = -0.60 Regular Solution
f' g' f g e
O.OOOOOD+OO O.OOOOOD+OO O.OOOOOD+OO O.OOOOOD+OO O.OOOOOD+OO 0.65078D+02
0.10000D+OO 0.29528D-ol 0.59484D-ol 0.14702D-02 0.30116D-02 0.63600D+02
0.20000D+OO 0.60029D-ol 0.11301D+OO 0.59421D-02 0.11673D-ol 0.62024D+02
0.30000D+OO 0.91438D-ol 0.16068D+OO 0.13510D-ol 0.25394D-ol 0.60358D+02
0.40000D+OO 0.12366D+OO 0.202660+00 0.24260D-ol 0.435960-01 0.58609D+02
0.50000D+OO 0.15659D+OO 0.23914D+OO 0.38269D-ol 0.65720D-ol 0.56783D+02
0.60000D+OO 0.19010D+OO 0.27033D+OO 0.55600D-ol 0.91226D-ol 0.54885D+02
0.70000D+OO 0.22405D+OO 0.29649D+OO 0.76305D-ol 0.11960D+OO 0.52922D+02
0.80000D+OO 0.25832D+OO 0.31786D+OO 0.10042D+OO 0.15034D+OO 0.50900D+02
0.90000D+OO 0.29279D+OO 0.33472D+OO 0.12798D+OO 0.18300D+OO 0.48823D+02
0.10000D+Ol 0.32732D+OO 0.34732D+OO 0.15898D+OO 0.21713D+OO 0.46698D+02
0.12000D+Ol 0.39613D+OO 0.36085D+OO 0.23134D+OO 0.28818D+OO 0.42332D+02
0.14000D+Ol 0.463860+00 0.36063D+OO 0.317360+00 0.36052D+OO 0.37863D+02
0.16000D+Ol 0.529750+00 0.34884D+OO 0.41676D+OO 0.43163D+OO 0.33365D+02
0.18000D+Ol 0.593070+00 0.327670+00 0.52908D+OO 0.49941D+OO 0.28921D+02
0.20000D+Ol 0.65314D+OO 0.29934D+OO 0.65376D+OO 0.56221D+OO 0.24622D+02
0.22000D+Ol 0.70932D+OO 0.266060+00 0.790070+00 0.61881D+OO 0.20560D+02
0.24000D+Ol 0.76098D+OO 0.23000D+OO 0.93718D+OO 0.66844D+OO 0.168170+02
0.26000D+Ol 0.80757D+00 0.19323D+OO 0.10941D+Ol 0.71076D+OO 0.13456D+02
0.28000D+Ol 0.848670+00 0.15760D+OO 0.12598D+OI 0.74581D+OO O.l0520D+02
0.30000D+Ol 0.88399D+OO 0.12464D+OO 0.14332D+Ol 0.77399D+OO 0.802560+01
0.32000D+Ol 0.91349D+OO 0.954570-01 0.16130D+Ol 0.79593D+OO 0.59656D+01
0.34000D+Ol 0.937370+00 0.707160-01 0.17982D+Ol 0.81248D+OO 0.43143D+Ol
0.36000D+Ol 0.95605D+OO 0.50619D-ol 0.19876D+01 0.82454D+OO 0.30308D+Ol
0.38000D+Ol 0.97015D+OO 0.34978D-ol 0.21803D+Ol 0.83303D+OO 0.20649D+Ol
0.40000D+OI 0.98041D+OO 0.23314D-ol 0.23754D+Ol 0.83880D+OO 0.13623D+Ol
0.42000D+Ol 0.98758D+OO 0.14980D-ol 0.25723D+Ol 0.84259D+OO 0.86902D+OO
0.44000D+Ol 0.99240D+OO 0.92734D-02 0.27703D+Ol 0.84498D+OO 0.53538D+OO
0.46000D+Ol 0.99552D+OO 0.552870-02 0.29691D+Ol 0.84643D+OO 0.31820D+OO
0.480ooD+Ol 0.99745D+OO 0.317350-02 0.31684D+Ol 0.84728D+OO 0.18229D+OO
0.50000D+Ol 0.99860D+OO 0.17533D-02 0.33680D+Ol 0.847760+00 0.IOO59D+OO
0.52000D+Ol 0.99926D+OO 0.93211D-03 0.35678D+Ol 0.84802D+OO 0.534450-01
0.54000D+Ol 0.99963D+OO 0.476770-03 0.376770+01 0.84816D+OO 0.273270-01
0.56000D+Ol 0.99982D+OO 0.23459D-03 0.39677D+01 0.84823D+OO O.l3444D-01
0.58000D+Ol 0.99991D+OO 0.11102D-03 0.416760+01 0.84826D+OO 0.636160-02
0.60000D+Ol 0.99996D+OO 0.50528D-04 0.436760+01 0.84828D+OO 0.28952D-02
0.62000D+Ol 0.99998D+OO 0.22112D-04 0.45676D+Ol 0.84829D+OO 0.12670D-02
0.64000D+Ol 0.99999D+OO 0.93038D-05 0.47676D+01 0.84829D+OO 0.533070-03
0.66000D+Ol 0.10000D+Ol 0.37632D-05 0.49676D+Ol 0.84829D+OO 0.21562D-03
0.68000D+Ol 0.10000D+Ol 0.14631D-05 0.51676D+Ol 0.84829D+OO 0.83832D-04
0.70000D+Ol 0.10000D+Ol 0.54676D-06 0.53676D+Ol O.84829D+OO 0.313270-04
Table C.3: Typical regular velocity profile for an adverse streamwise pressure gradient:
~1 =-0.10, ~2 =-0.60.
91
~I =-0.10, ~~ =-0.05 Backflow Solution
" C' g' C g e
0.000000+00 0.000000+00 O.OOOOOD+OO O.OOOOODfOO 0.000000+00 0.133620+03
0.100000+00 -0.135400-01 0.144830-01 -0.685350-03 0.727280-03 0.133070+03
0.200000+00 -0.260840-01 0.284660-01 -0.267490-02 0.287790-02 0.13250D+03
0.300000+00 -0.376370-01 0.·H94.90-o1 -0.586910-02 0.640170-02 0.13190D+03
0.400000+00 -0.482120-01 0.549330-01 -0.101700-01 0.112490-01 0.13127D+03
0.500000+00 -0.578200-01 0.674170-01 -0.154790-01 0.173700-01 0.130620+03
0.600000+00 -0.664790-01 0.794010-01 -0.217020-01 0.247140-01 0.12994D+03
0.700000+00 -0.742060-01 0.908860-01 -0.287440-01 0.332310-01 0.12923D+03
0.800000+00 -0.810170-01 0.10187D+00 -0.365130-01 0.428720-01 0.12849D+03
0.900000+00 -0.869330-01 0.112360+00 -0.449180-01 0.53587D.Ql 0.12773D+03
0.100000+01 -0.919700-01 0.12234D+OO -0.538700-01 0.65325D.Ql 0.12693D+03
0.120000+01-0.994800-01 0.14082D+OO -0.730710-01 0.916720-01 0.125240+03
0.140000+01-0.103670+00 0.15728D+OO -0.934410-01 0.121510+00 0.12339D+03
0.160000+01-0.104650+00 0.171740+00 -0.114330+00 0.154450+00 0.12136D+03
0.180000+01 -0.102480+00 0.184170+00 -0.135090+00 0.190070+00 0.11909D+03
0.200000+01-0.971870-01 0.194560+00 -0.155110+00 0.227970+00 0.116540+03
0.220000+01-0.887610-01 0.20291D+OO -0.173760+00 0.26775D+00 0.11363D+03
0.240000+01-0.771400-01 0.209200+00 -0.190400+00 0.309OOD+OO 0.11024D+03
0.260000+01 -0.622200-01 0.21342D+OO -o.20439D+OO 0.35129D+OO 0.10625D+03
0.280000+01-0.438490-01 0.215560+00 -0.215060+00 0.394220+00 0.10150D+03
0.300000+01-0.218380-01 0.21562D+OO -0.221690+00 0.437370+00 0.95783D+02
0.320000+01 0.403570-02 0.21362D+00 -o.22354D+OO 0.48033D+OO 0.889180+02
0.340000+01 0.340120-01 0.20958D+OO -0.219800+00 0.522680+00 0.80782D+02
0.360000+01 0.683310-01 0.203560+00 -0.209640+00 0.56403D+OO 0.71444D+02
0.380000+01 0.107210+00 0.19563D+OO -0.192170+00 0.60398D+OO 0.61278D+02
0.400000+01 0.150790+00 0.185920+00 -0.166450+00 0.642160+00 0.509570+02
0.420000+01 0.199120+00 0.174580+00 -0.131530+00 0.67823D+OO 0.41242D+02
0.440000+01 0.252110+00 0.16182D+OO -0.864860-01 0.711890+00 0.326950+02
0.460000+01 0.309430+00 0.14789D+OO -0.304010-01 0.742880+00 0.25545D+02
0.480000+01 0.370540+00 0.133100+00 0.375380-01 0.770990+00 0.197590+02
0.500000+01 0.434590+00 0.11781D+OO 0.118010+00 0.79608D+OO 0.15168D+02
0.520000+01 0.500450+00 0.102400+00 0.211490+00 0.818100+00 0.11564D+02
0.540000+01 0.566740+00 0.872570-01 0.318220+00 0.837060+00 0.87527D+01
0.560000+01 0.631880+00 0.727790-01 0.43811D+OO 0.85305D+00 0.657040+01
0.580000+01 0.694210+00 0.593190-01 0.570780+00 0.866240+00 0.488400+01
0.600000+01 0.752170+00 0.471660-01 0.71550D+OO 0.87687D+00 0.35882D+Ol
0.620000+01 0.804400+00 0.365270-01 0.871270+00 0.885210+00 0.26oooD+Ol
0.640000+01 0.849950+00 0.275090-01 0.10368D+Ol 0.891590+00 0.185380+01
0.660000+01 0.888290+00 0.201180-01 0.12108D+Ol 0.896330+00 0.12974D+Ol
0.680000+01 0.919410+00 0.142690-01 0.13917D+01 0.899750+00 0.889120+00
0.700000+01 0.943730+00 0.980260-02 0.15781D+Ol 0.902130+00 0.595110+00
0.720000+01 0.962020+00 0.651650-02 0.17687D+01 0.903750+00 0.38810D+OO
0.740000+01 0.975240+00 0.418810-02 0.196250+01 0.904810+00 0.246050+00
0.760000+01 0.984420+00 0.260010-02 0.21586D+Ol 0.90547D+00 0.151340+00
0.780000+01 0.990540+00 0.155840-02 0.23561D+Ol 0.905880+00 0.901390-01
0.800000+01 0.994470+00 0.901050-03 0.25546D+01 0.906120+00 0.519140-01
0.840000+01 0.998310+00 0.269860-03 0.29533D+Ol 0.906340+00 0.154880-01
0.880000+01 0.999560+00 0.694130-04 0.33529D+Ol 0.906400+00 0.397890-02
0.920000+01 0.999900+00 0.150540-04 0.37529D+Ol 0.906410+00 0.862630-03
0.960000+01 0.999980+00 0.247750-05 0.415280+01 0.90641D+OO 0.141950-03
0.100000+02 0.100000+01 0.000000+00 0.45528D+Ol 0.906410+00 0.000000+00
Table C.4: Typical backflow velocity profile for an advers streamwise pressure gradient:
~1 =-0.10, ~2 =-0.05.
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Appendix C: Adverse Streamwise Pressure Gradients
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Figure C.l.b
Figure C.1: Typical regular velocity and skew angle profiles for an adverse streamwise pressure
gradient and a moderate cross-stream pressure gradient: PI =-0.10, P2 =-0.60.
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Figure C.2.a
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Figure C.2: Typical backflow velocity and skew angle profiles for an adverse streamwise pressure
gradient and a moderate cross-stream pressure gradient: PI =-0.10, P2 =-0.05.
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Figure C.3.a: Backflow velocity profile for PI =-0.001, P2 =0.0.
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Figure C.3.b: Velocity profile as PI - 0-. (Laine and Reinhart, 1984).
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Figure C.4.b
Figure C.4: Comparison of the regular and backflow velocity and skew angle profiles for
representative values of the adverse streamwise and cross-stream pressure gradients:
PI =-0.15, P2 =-0.05.
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Figure C.5.b
Figure C.5: Regular velocity and skew angle profiles for PI = ..(J.05, -0.5 < P2 < O.
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Figure C.6.a
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Figure C.6.b
Figure C.6: Regular velocity and skew angle profiles for ~1=-0.05, -1.06 < ~2 < -0.70.
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Figure C.7: Backflow velocity and skew angle profiles for PI = -0.05, -0.017 < P2 < O.
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Figure C.S: Regular velocity and skew angle profiles for PI = -0. IS, -0.4 < P2 < O.
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Figure C.9.b
Figure C.9: Regular velocity and skew angle profiles for PI = ..a. IS, ..a.659 < P2 < ..a.50.
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Figure C.IO.b
Figure C.IO: Backflow velocity and skew angle profiles for ~1=-0.18, -0.05 < ~2 < O.
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Figure C.ll.b
Figure C.ll: Backflow velocity and skew angle profiles for PI =-0.18, -0.16 < P2 < -0.075.
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Figure C.12: Regular velocity and skew angle profiles for PI =-Q.198838, -Q.3 < P2 < -Q.15.
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Figure C.13: Backflow velocity and skew angle profiles for PI = -0.198838, -0.22 < P2 < O.
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Figure C.14: Velocity and skew angle profiles for PI = .(l.2l, .(l.5 < P2 < .(l.27.
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Figure C.IS: Velocity and skew angle profiles for ~l =-0.219, -0.39 < ~2 < -0.37.
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Figure C.16.a: ~2 limits for regular solutions.
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Figure C.l6.b: ~2limits forbackflow solutions.
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Appendix D: Asymptotic Solution for I 132 I< 1
Tables
110
~l =0.2, ~2 =-0.05
11 f' (true sol.) g I (true sol.) f' (asy. sol.) g' (asy. sol.)
O.OOOOOD+OO O.OOOOOD+OO O.OOOOOD+OO O.OOOOOOD+OO O.OOOOOOD+OO
O.lOOOOD+OO 0.67659D-01 0.361670-02 0.676593D-01 0.361666D-02
0.20000D+OO 0.13330D+OO 0.67368D-02 0.133304D+OO 0.673680D-02
0.30000D+OO 0.19690D+OO 0.93696D-02 0.196895D+OO 0.936955D-02
O.40000D+OO 0.25838D+OO 0.11530D-01 0.258375D+OO 0.1152970-01
0.50000D+OO 0.317670+00 0.132370-01 0.317670D+OO 0.132372D-01
0.60000D+OO 0.37469D+OO 0.145170-01 0.374692D+OO 0.145170D-01
0.70OO0D+OO 0.42934D+OO 0.15398D-01 0.429344D+OO 0.153985D-01
0.80000D+OO 0.48153D+OO 0.15914D-01 0.4815310+00 0.159144D-01
0.90000D+OO 0.53115D+OO 0.16101D-01 0.531154D+OO 0.161008D-ol
0.10000D+01 0.57812D+OO 0.159960-01 0.578123D+OO 0.1599610-01
0.12000D+01 0.66379D+OO O.15072D-01 0.663790D+OO O.150724D-01
0.14000D+01 0.73809D+OO O.13463D-01 0.738092D+OO 0.134628D-01
0.16000D+01 0.80094D+OO 0.11469D-01 0.800939D+OO 0.114690D-01
0.18000D+01 0.85264D+OO 0.93515D-02 0.852643D+OO 0.935152D-02
0.20000D+01 0.89393D+OO 0.73134D-02 0.893926D+00 0.731345D-02
0.22000D+01 0.925860+00 0.54928D-02 0.925855D+OO 0.549276D-02
0.24000D+01 0.94974D+OO 0.39649D-02 0.949738D+OO 0.396486D-02
0.26000D+01 0.96699D+OO 0.27519D-02 0.966993D+OO 0.275193D-02
0.28000D+01 0.97902D+OO 0.18372D-02 0.9790210+00 0.183716D-02
0.30000D+01 0.98711D+OO 0.11798D-02 0.987106D+OO 0.117984D-02
0.32000D+01 0.99234D+OO 0.72898D-03 0.992341D+OO 0.728975D-03
0.34000D+01 0.99561D+OO 0.43334D-03 0.995606D+OO 0.4333360-03
0.36000D+01 0.997570+00 0.24784D-03 0.9975670+00 0.2478360-03
0.38000D+01 0.99870D+OO 0.136370-03 0.9987ooD+OO 0.136370D-03
0.40000D+01 0.99933D+OO 0.72189D-04 0.999330D+OO 0.721885D-04
0.42000D+01 0.999670+00 0.36761D-04 0.999668D+OO 0.367610D-04
0.44000D+01 0.99984D+OO 0.180070-04 0.999840D+OO 0.1800710-04
0.46000D+01 0.99993D+OO 0.84842D-05 0.999927D+00 0.8484070-05
0.48000D+01 0.99997D+00 0.384450-05 0.999968D+OO 0.384443D-05
0.50000D+01 0.99999D+OO 0.16753D-05 0.999986D+OO 0.167528D-05
0.52000D+01 0.99999D+OO 0.70200D-06 0.999994D+OO 0.7019870-06
0.54000D+01 0.10000D+01 0.28283D-06 0.999998D+OO 0.2828260-06
0.56000D+01 0.100OOD+01 0.109550-06 0.999999D+OO 0.109550D-06
0.58000D+01 0.10000D+01 0.40793D-07 0.100000D+01 0.4079170-07
0.60000D+01 0.10000D+01 0.14600D-07 0.10oo00D+01 0.146000D-07
Table D.1: Comparison of the full numerical solution and the asymptotic solution for small ~2:
~l = 0.2, ~2 =-0.05.
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fo' go' g2'
O.OOOOOOD+OO O.OOOOOOD+OO O.OOOOOOD+OO O.OOOOOOD+OO O.OOOOOOD+OO
0.100000D+OO 0.676715D-Ql -.723299D-Ql -.487534D-Q2 -.134455D-Q2
0.200000D+OO 0.133328D+OO -.134729D+OO -.975559D-Q2 -.276448D-Q2
0.300000D+OO 0.196932D+OO -.187380D+OO -.146453D-Ql -.441894D-Q2
0.400000D+OO 0.258424D+OO -.2305770+00 -.195383D-Ql -.650068D-Q2
0.500000D+OO 0.31773ID+OO -.264721D+OO -.244104D-Ql -.918760D-Q2
0.600000D+OO 0.3747650+00 -.290309D+OO -.29215ID-Ql -.126071D-Ql
0.700000D+OO 0.429429D+OO -.307927D+00 -.338837D-Ql -.168131D-Ql
0.800000D+OO 0.4816270+00 -.318233D+OO -.383283D-Ql -.2177570-01
0.900000D+OO 0.531260D+OO -.321948D+OO -.424469D-Ql -.273813D-Ql
0.100000D+Ol 0.578238D+OO -.319838D+OO -.461313D-Ql -.33443ID-Ql
0.120000D+Ol 0.663919D+OO -.301334D+OO -.517843D-Ql -.459290D-Ql
0.140000D+Ol 0.738229D+OO -.269113D+OO -.546122D-Ql -.570241D-Ql
0.160000D+Ol 0.801075D+OO -.229218D+OO -.543204D-Ql -.647171O-Ql
0.180000D+Ol 0.85277ID+OO -.18686ID+OO -.510897D-Ql -.677741D-Ql
0.200000D+Ol 0.894040D+OO -.146104D+OO -.455277D-Ql -.659934D-Ql
0.220000D+Ol 0.9259510+00 -.109705D+OO -.385082D-Ql -.601130D-Ql
0.240000D+Ol 0.949815D+OO -.791686O-Ql -.309644D-Ql -.514729D-Ql
0.260000D+Ol 0.967052D+OO -.549347D-Ql -.237052D-Ql -.415940D-Ql
0.280000D+Ol 0.979064D+OO -.366636D-Ql -.173015O-Ql -.318204D-Ql
0.300000D+Ol 0.9871360+00 -.235391O-Ql -.120534D-Ql -.231060D-Ql
0.320000D+Ol 0.992361D+OO -.145396O-Ql -.802401O-Q2 -.159590D-Ql
0.340000D+Ol 0.995619D+OO -.864047D-Q2 -.510891O-Q2 -.105025D-Ql
0.360000D+Ol 0.997575D+OO -.494023D-Q2 -.311359D-Q2 -.659469D-Q2
0.380000D+Ol 0.998705D+OO -.27175ID-Q2 -.181750D-Q2 -.395549D-Q2
0.400000D+Ol 0.999333D+OO -.143810D-Q2 -.101671O-Q2 -.226834D-Q2
0.420000D+Ol 0.999669D+OO -.732109D-Q3 -.545274D-Q3 -.124461O-Q2
0.440000D+Ol 0.99984ID+OO -.358508D-Q3 -.280463D-Q3 -.653786O-Q3
0.460000D+O 1 0.9999270+00 -.168859D-Q3 -.138386D-Q3 -.328942D-Q3
0.480000D+Ol 0.999968D+OO -.764922D-Q4 -.655170D-Q4 -.158580D-Q3
0.500000D+Ol 0.9999860+00 -.333224D-Q4 -.297666D-Q4 -.732750D-Q4
0.520000D+Ol 0.999994D+OO -.139586O-Q4 -.129798D-Q4 -.324599D-Q4
0.540000D+Ol 0.999998D+OO -.562204D-Q5 -.543255D-Q5 -.137882D-Q4
0.560000D+Ol 0.999999D+OO -.217696O-Q5 -.218255D-Q5 -.561696D-Q5
0.580000D+Ol O.lOOOOOD+Ol -.8103470-06 -.841718D-06 -.219474D-QS
0.600000D+Ol O.lOOOOOD+Ol -.289943D-06 -.311614D-Q6 -.822608D-Q6
Table D.2: Numerical solution of the velocity tenns in the regular perturbation expansion for small
P2: PI =0.2.
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Appendix E: Summary Charts
Tables
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Table E.l: Summary of the governing equations for cases 1, 2, and 3 (2a.1-131 = 0). Note that cases 2
and 3 are identical if 131 = 1.0. (Degani, 1991).
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FAVORABLE 0<B1~1.0 Flow ADVERSE TO SEPARATION BEYOND SEPARATION
Type -0.198838 ~ B1 ~ 0 -0.219::; B1 ::;-0.198838
B1 fixed B2 fixed 81 fixed 82 fixed B1 fixed new sep. point
1821 increasing B1 increasing IB21 increasing 81 increasing IB21 increasing 81 = -0.219
0 __ 00 0--.... 1.0 oto limit point fr, -0.198838 to 0 lowlo high limit B2 = -0.39
increasing Reg. increasing decreasing increasing approx.
11 co limit: aecreasing 7
at 82 = lID increasing;
11 =00 Back larger than reg. increasing increasing
-
flow soln. for same 8":
increasing Reg. increasing decreasing increasing approx.
g' limit: at 82= 00 decreasing 0.48
peak g '(0) instant- increasing; increasing but
aneously jumps Back larger than reg. increasing less than reg.
-
from 0 to 1 flow soln. for same 82 for same 82
Reg. takes longer to less to reach longer to reach
-
f' takes longer to takes less to reach f' = 1 f' = 1 f ,= 1(J)
reach f' = 1 reach f' = 1
Back longer to reach longer to reach longer to reach
-flow f' = 1 f' = 1 f ,= 1
e increasing Reg. increasing decreasing decreasing 90°
at limit: decreasing towards 900
wall at 82 = co decreasing
e=90· Back from 1800 increasing increasing
-
flow towards 90"
Thicker B.L.
Gen- Reg, Limit on 82 bey- Thinner B.L. Thicker B.L. Regular and
eral Thicker Thinner ond which no sol. Reversed flow
boundary boundary Thicker B. L. solutions
Re- layer layer Back Limit point smal- Thicker B. L. Thicker B.L. merge at this
marks flow Jer than for reg. point
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